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Abstract: On page 366 of his lost notebook [3], Ramanujan recorded a continued fraction known as
Ramanujan’s Cubic Continued Fraction G (q), defined as
1
3 2 2 4
=17 T o
He also claimed that there are many results of G(q) that are analogous to R(q), Rogers-
Ramanujan Continued Fraction. G(q) and it’s other results are recorded in [2, 345-347] and
[1, section 3.3] of his lost notebook. In this paper we derive some new identities involving
Ramanujan’s Cubic continued fraction G (q) by using Ramanujan’s theta function.
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1. Introduction:

Throughout the paper, we assume |q|<1 and for positive integer n, we use the standard notation
n-1 0
(&a), =1 (&;q), =] [@-aq"),and (aq), =]]@-aq").
k=0 n=0

The famous Rogers-Ramanujan continued fraction R(q) is defined as
1/5 q q .
R = <
(@:= 1+ 1+1+.. |q| : (1.1)
The continued fraction first appeared in a paper by L. J. Rogers in 1894. Ramanujan later rediscovered the
Rogers-Ramanujan continued fraction and developed an extensive and deep theory for it. In his notebooks
Ramanujan recorded many identities involving R(g) which can be found in [Andrews, Berndt 2005; Berndt,
1991;Ramanujan, 1957; 1988]. One of the most important formulas for R(q) is

1 1/5; 1/5 .
IE R .
@ @), w2

Furthermore, on p. 206 of his lost notebook (Ramanujan 1988), Ramanujan recorded the identities, namely,

\/%—a\, R(q) 1/10 (q q) H n/s 2n/5

(q q )oo n11+0¢q (13)

and

_ﬂ /R(q) (q q)oo H

1/10 (q q )OO . 1l+ﬂqn/5 2n/5 (14)
where =ﬂ and 5 1+‘f
2

1
VR(@)

Proof of these identities are given by Ramanathan (1984) and Berndt et.al (1999). See also [Andrews and
Berndt, (2005), pp. 21-24].

On page 366 of his lost notebook , Ramanujan (1988) recorded a continued fraction known as Ramanujan's
Cubic continued fraction G(q), defined as
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%+22+4
(g = ara’a’+g

L 1s lof <1. (1.5)

He also claimed that there are many results of G(q) that are analogous to R(q). It is known that
2

G(a)=a% L"‘;,
(@*:0°)
e (1.6)
G(qg) and it's other results are recorded in (Berndt, 1991, 345-347) and (Andrews and Berndt, 2005, section 3.3)
of his lost notebook. Proofs of (1.7) can be found in papers by Selberg (1989), Gordon (1961), Andrews (1979).

In our work, we prove (1.10) by deriving product representations for +.,/G(q) , namely

\/z ( q

\/— +G(q) = ) \/z( Dy ("),

(1.7
1 2\/G— _ \/Zs(_qg) $(-9"°)
- (@) = 1/6 3y :
JG(9) q7°¢(-a") \x(-0) (1.9)
We also find some interesting identities related to G(q). In the next section, we give definitions and preliminary
results. In the last section, we present some new identities involving Ramanujan's cubic continued fraction G(q).

2. Some preliminary definitions:

Ramanujan's general theta function is defined by

f(a,b)=> a"™¥?p" D2 |abl<1 . (2.1)
n=0
The function f(a, b) satisfies the well-known Jacobi's triple product identity, which can be expressed as
f(a,b) = (-a;ab),. (-b;ab),, (ab;ab),, . (2.2)

Three special cases of f(a, b) are defined, for |q| < 1, by (Berndt,1991, p.36, Entry 22)

¢(q) = f(q,0) = Zq =(-9;9%)% (0% 0%), ;q—q)

@*a%).. 23)
S okenz @599, (9%59°)%-
w(@) = f(a,9°)=> g = - : (2.4)
kzz;‘ (@:9%). (a:9).,
f (_q) - f (_q,_qZ) _ Z(_l)k qk(3k—1)/2 +Z(_1)k q|((3k+1)/2 — (q,q)oo
k=0 k=1 (2.5)
where the product representations in (2.3)-(2.5) arise from (2.2).
Furthermore, the g-product representations of ¢(-q) and y(-q) are given as
o q)_(qq)oo and (q)_(qq) @'9%).
(9%9%)., @*9%), (2.6)
We also define
Z(q) = (_q; qz)w. 2.7)
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3. Main results and their proofs:
Theorem 3.1. We have
1 V2 (=9%)
+/G(0) = e \/z( Ay (a*),
NEIC) q"°4(-q o)

1 \/za(—qs) #(=9*°)
———-2,/G(q) = . .
VG(a) D= ) V2(=9) (32)

Proof of (3.1). We recall from Berndt (1991), [p. 49,corollary(ii)], [ p. 350, Eq.(2.3)] and [p. 39, Entry 24(iii)]
that

w(@) = (% a%)+quw(a®), (3.3)
oy o=
#7) f(a,9%) (3.4)
and
(q)
(q)_¢—
w(=Q) (3.5)

From (1.6), (3.4), and (3.5), we have
G(q) = qj/s (qq ). a3 x(=0) _ V3 ‘//(qs)

i} @), L A t@a) s)
us,
1 _ 1 [f@9®) | e | w(@) .
G = [T 7 —_ ing (3.
@ VT L@y Y\ taay e
_ f(a,9°)+9"%w(q%) o)
q"°yw(a®) f(a,9%)

Using (3.3) and (3.4) in the numerator and the denomlnator of the right side of (3.7), we find that

1 Vo(-a°)
+/G(q) = o (9w (q*°).
VG(a) 9" \Jw (a*)p(-a°) (3.8)

Employing (3.5) in the right side of (3.8), we arrive at (3.1).

Proof of (3.2). From [Berndt (1991),, p. 345, Entries 1(i), (ii)], we obtain

o(-g**)
1-2G(q) =2 ) (3.9)
9% 0(—q°)
Using (3.9)
1 —q*®
L afe@=— ) (3.10)

JG(q) 9% 0(-9*)/G(q)

Employing (3.6) in the right side of (3.10), we arrive at (3.2).
Theorem 3.2. We have

1 G(a)+ G2 (q) = G(q) x X A (@)
D = O e @ wa™ o
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L4 26(a) + 4G2(q) = G(q) X a8 (a)
oS O=C0) G o Caa) )

Proof of (3.11). Here, we require (3.1). Note that for each i=1,2, we obtain an identity from (3.1) by replacing
q'/3 with w'q/3, where w = e?™/3, Multiplying these two identities, we have

1 i V) e 22D ey o
G(q) |= [ 1AV _ 2 q)x=a) _
@[M+MJ L orqgqy V@0 =Ty et e )(3 9
Since
1-a)l-w)l-w'q) =1-q°,
we have
(0:9).. (@0; @), (0’0 0°q) = ﬁ(l—q”)(l—a)”q”)(l— o”q) =] Ja-a"y[Ja-qg") = %
n=1 3/n 3In (q q )oo (314)
From (2.4)
2.42\2
i)=&

Using (3.15) and (3.14), we find that
(0°0%*0° 9% )’ (00?1 002
(@9";00"%), (0*q"*;0°q"),,
_ (a)zqz/e,;a)zqz/a)i(qu/s;a)qz/s)fO . (q2’3;q2’3)i(q1’3;q”3)w
(wq”;wq”s)w(a)zq“;a)zqm)w (ql/s;q1/3)00(qzm;qys)fO
_@%9%)5(a%9%).(a*%;9").
@%9%)2 (@) (@%*;a%)2
A C)
w(@* )y (") (3.16)
Employing (3.16) in (3.13) and expanding the product on the left side, we obtain

1-G@+G* () _ 2’ (a’)xay’@
G(q) q"°0* (-0 )y (a*)w (a*) (3.17)
Thus, we complete the proof of (3.11).

w(0q" )y (0*q*) =

Proof of (3.12). Proof of the second part of the Theorem 3.2 is quite similar to the proof of first part. Here we
require (3.2).

Proceeding as in the proof of first part, we deduce that

i 3((_ 3
H[ — > w'G(Q)}qZ(q)-co(—wq“)(o(—wzq”)-

Jo'G(q) Yo? (-0*) 2 (-q) (3.18)
Again, we have from (2.6)
o) =G
2.2y
(q e )oo (3.19)

Using (3.19) and (3.14), we obtain
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(ml/S.ml/S)Z (quJ/S.a)ZqJ/3)2

p(-0q"*)p(-0*q"*) =

(@q*;00%°),, (09”°;0q%°) 2
_ (@:9)°~(a%:9%)..(a%%9%°).,
@*9%):@%a%)2(a"%;9")2
__ o)
¢(_q3)¢(_q1/3) (320)
Now, expanding the left side of (3.18) and using (3.20), we obtain
1+2G(q) +4G°(q) _ 2 (q)p" (=)
G(q) q*° 2 (-9)¢* (-a*)p(-9*)p(—4"°) 3.21)
which is equivalent to (3.12).
Corollary 3.3. We have
1 9°¢°(-9°)w(q°) « 2,3 3 3 20,3
= 4G°(g°)-2G(q°) +3+1/G(q°) +1/G°(q7);,
y(@e(-a) 2 (=a" ) @)y’ (-a°) { } (3.22)
1’20’ (9" (a’) {1663(q3)+126<q3)+8+9/G(q3)}
v(@e' (1) 2w @ (0°) |+3/6%(@) +1/G3 () (3.23)

Proof. Multiplying (3.11) and (3.12) and replacing g by @3, we can easily derive (3.22).
Squaring (3.12) and multiplying with (3.11) and replacing g by g3, we can easily derive (3.23).

Next, as corollary we obtain the following 3-dissections.

Corollary 3.4. We have the 3-dissection of 1/y(q) as
1 y@) o v(@) (@)
T 4.3\, 2(A3 q 4.3 3 + 473"
@ v (@)o°(@) yv'(@)e@) v (a°) (3.25)

3-dissection of 1/¢(q) as
L _9° (0 | 5, 9 (Cad) | 400 0° ()0 (@)

+2 :
WD) o ) P ) o (") .26
3-dissection of 1/(9; )., (9%;9°) ., as
1 (9°;9°)%-(q"%;9"°)% 1 q 2 o3 g3 4 33
= X 3q° -2 4 ,
(@;a).a%a%).  (@%a°)'=(@%a%) ' {coz(tf)+coz(q3)+ 1 - 2ae@) g e )}

(3.26)

3-dissection of 1/(q; )%~ as
1 _(@9%): { P
@) @597 |o'(@®) '@

+99% +89°w(9’) +129°®°(q°) +16q6w4(q3)},

(3.27)
where

G =gt A9 )= e _ g0,
(@%9°)3 (3.28)

Proof. Employing (3.28) in (3.11) and replacing g by g3, we arrive at (3.24). Employing (3.28) in (3.12) and
replacing g by g3, we find (3.25). In (3.22), employing (3.28) in the right hand side andusing (3.15), (3.19) in
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the left hand side, we obtain (3.26). In (3.23), employing (3.28) in the right side and using (3.15), (3.19) in the
left side, we arrive at (3.27).
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