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1. Introduction:

A partition of an integer n = 0 is a non-increasing sequence of &;,6,,03 ........0,, with §; = 0 fori =

1,2,3....mso that

M=
g
I
S

I
_

&; knows as parts. It is denoted by p(n) and p(0) = 1.
Ramanujan [18, 19] studied the arithmetic properties of p(n) and established the following three congruences
p(5n + 4) = 0(mod5)
p(7n +5) = 0(mod7)
p(11n + 6) = 0(mod11)

The generating function of p(n) is given by

= 1 1 1
;p(n) ﬂu—qnﬁq;q):z
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where
fi= @509 = | [a-am,
n=1

where g is a complex number with |g] < 1and k < 1.

According to Corteel and Lovejoy [20], overpartition of an integer n = 0 is a partition of n with the restriction
that first occurrence of its part may be overlined. It is represented as p(n) and it’s generating function is defined

as

[¢e) B oo 1 + qn f
Zp(n)q"= — n=f—22
n=0 n=1 a 1

A cubic partition of an integer n > 0 is a partition where even parts can appear in two colors. It is denoted by

a(n) witha (0)=1.
In 2010, H. C. Chan [3, 4, 6] introduced the cubic partition function a(n). The generating function of a(n) is
given by

> am oL _ L
= G D@ dDe fifs

n=0

H. C. Chan, B.Kim [10] defined the overcubic partition function a(n) and the generating function for a(n)is
given by

NP
;a(n)q =7

The number of cubic partition pair denoted by b(n) was studied by Zhao and Zhong [16]. The generating function
for b(n) is given by

- 1
2, b = 7
n=0 1J2

Zhao and Zhong [16] explored certain arithmetic behaviour of b(n).

The overcubic partition of n, denoted by b(n) was studied by Kim [9] and Kim defined the overcubic partition
as the number of 4-color partitions of n where the colors are taken as r, y, 0, and b so that the even parts only can
have colors o and b and the first occurrence parts of the partition may be overline. The gemerating function of

b(n) is defined as follows
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Z b(m)q" = +f2
n=0 172

If 4;,,i=1,2,3,.......k are overcubic partition of a positive integer n with Z{-‘zl)li =n then the k—
tuple (A4, 4,5, A3, ... ... Ay) is called overcubic partition of n with k — muples. It is denoted by by (n) and the
generating function is defined as

Z b (m)q" = f12kf2

Several congruences modulo 3 and 64 for b,(n) was established by Kim [9]. Motivated by Kim’s work, Lin

[11] proved many infinite families of congruence modulo 3 and 5.

Congruence modulo power of 2 for b,(n) was studied by Ray and Barman [14]. The authors able to establish
Several Ramanujan-type congruence and infinite families of congruence module power of 2. Naika and
Shivashankar [12] also studied the arithmetic properties of overcubic partition and established many infinite
families of congruences modulo powers of 2. Recently, in 2024, Buragohain and Saikia [2] explored the

congruence properties of b4z (1), Bamsz (1), Dgmsz, Pgmss () and by 4a(n) for integer m > 1.
2. Preliminaries

Ramanujan’s general theta function is defined by

[oe]

fla,b) =) @2 pnenrz, ab| < 1 @2.1)
f(a,b) = (—a; ab) o (—b;ab)(ab; ab)., (2.2)

(2.2) is obtained using Jacobi’s Triple product identity.

Three special cases of f(a, b) are defined for |gq| < 1, by [[1], p.36, Entry 22]

5
$(@) = £(@.0) = Z = 23)
1/4
o 2
¥(@ = fla.q7) = Z gDz = % (2:4)
k=0
fa) = f-q,=a) = ) (~D*qek2 = @5
k=—o0
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We also define the following

(q' D5 (@ D% 9w

and Y(—q) = YD) (2.6)

We will use the following dissection formulas and some important, already established results in proving our main

results.

Lemma 2.1. The following 2-dissections holds

2 fofg foffs

=222 2.8)
YR fe
fi 21
it = + 4q (2.9)
1 f2 f4 f42
Proof. For (2,8) see [1, p. 40, Entry 25] and see [22, Lem. 1] for a proof of (2.9).
Lemma 2.2 ([17], Lemma. 2.1). The following 2-dissections hold
1 fe fi fis
— = + 2q (2.10)
N ) 2 fs
1 f28 16 fS
— + 8¢q + 16q2 (2.11)
f18 f228f8 f24— f2
42 30 18 612
fi fife fa f
— 5+ 12q + 48q2 + 64q¢° (2.12)
f112 24-2 f238f4- f 2
1 ]‘;1.56 4-4- 32 f4-20f88 ﬁ}8f816
—_— z+ 16q + 964q2 + 25643 + 256q* (2.13)
f116 56 £1 f252f8 248 Fr £
Lemma 2.3 ([21], Equation 14.3.3). We have, the following 3-dissection
2 2 2
o _Jehy | Gl (2.14)
fi fifis fo
Lemma 2.4 ([1], p, 345). The following 3-dissections holds:
fofs
f =T+ AP~ 3afS (2.15)
f:fis
fofs" fsff%
(2.16)
fifz = ffw —qfsfis — f6f92

Lemma 2.5 ([7], Theorem 2.1). For any odd prime p, we have
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p-3

2 2k p2+Qk+Dp  p%-(2k+Dp p%-1 2
v@w=Yaz fla 7 a2 )rad s )

k=0

-3
Moreover, for 0<k< PT

K2+ k 21
2P
2 8

(mod 8)

Lemma 2.6 ([7], Theorem 2.2). For any prime p > 5, we have

(p-1)/2
tp-1 p%-1
fi= Z (—1)* q(3k2+k)/2f(_q(3p2+(6k+1)p)/2'_q(3p2—(6k+1)p)/2) n (_1)quprp2

k=-(p-1)/2
k#t(p-1)/6

.Where
p—1 .
ip—l T lpr 1(mod6)
= -1
6 —pT if p= —1 (mod 6)
Furthermore, if
p—1 p—1 -1
L
3 <k< A and k # G
then
3k2+k$ p?—1 4
> 2 (modp)

Lemma 2.7 ([5], Lemma 2.3). For any prime p > 3, we have

-1 ©
: k(k+1) pn+2k+ pz_—lfz
f= ) (DFG T ) (D @pn+2k+ D@2+ (1P B
=0 n=0
k:pz;l
Furthermore, if k # pT_l and 0 < k < p —1, then
3k2+k  p?-1
> E= 8 (mod p)

Lemma 2.8 ([13], p. 212). We have the following S-dissection formula:
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q
fi = fos (a(qs) —q- a(q5)>’
Where

0= a(g) = (@*.9% 9% q%)o
@.9% 3% q°) o

Lemma 2.9 ([1], p. 303, entry. 17(v)). We have

B(q) Ald) 5C(q7)>

f1=f49<rq7)_q3(q7) q tq A(q)

where

A(Q) = (=4, —q9"), B(q) = f(—q¢*,—q)and C(q) = f(—q,—q°)

Lemma 2.10. For all primes p and all k, m, j > 1, we have

£ = £2 (mod p*) @.17)
3. Congruence of bs (1)
Theorem 3.1. For any n > 0 we have
bs (2n) = bs(n) (mod 4) 3.1
Proof. Settingr = 5, in (1.11), we have
BB (a" = i =% (%) (%) (32)

2n+1

Using (2.10) and (2.11) in (3.2) and expanding the expression and collecting the terms that include q*" and ¢
, we have

i bs(2n)q" = fi” + 164 2 fs +16q 2fe” (3.3)
~ f138f43f82 f134—f4 f130f82
and
had 35 2 21¢5 11 £7 £2
Z bs(2n + g™ = 223829 + 823422 132 ff;‘ofs (34)
n=0
From (3.3) we have
- £ h fi
b:(2n)q™ = . d4) = d4 3.5
ZO SN = e g (mod 4) = 3 (mod 4) (35)
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Again, using Lemma 2.10 and (3.3), we have

i bs(2n)q" = f2733 (mod 4) = Ja (mod 4) (3.6)
~ 2 fifz

from (3.5) and (3.6), we obtain (3.1).

Theorem 3.2. For any n>0, and i € {3,5,7}, we have

Z bs(8n + 1)q™ = 2f2 (mod 4) (3.7)
n=0
bs(4n +3) =0 (mod 4) (3.8)
bs(8n + i) =0 (mod 4) (3.9

Proof. From (3.4) and thanks to Lemma 2.10, we have

f2fg ( o3
I% mod 4) = 2f; (mod 4) (3.10)

4

Z bs(2n + 1)q" = 2
n=0

From (3.10), collecting the co-efficient of ¢* we obtain (3.7)

Since f;2 is a function of g* , therefore (3.8) and (3.9) will be obtained from (3.10) by extracting the terms
q

2n+1 4n+1 4n+2 4an+3
)

that contains q ,q and q respectively.

Corollary 3.3. For all integer, n >0,y >0, and r € {3,5,7}, we have
bs (27 (4n + 3) = 0 (mod 4)
bs(27(8n + 1) = 0 (mod 4)
Proof. By using Theorem 3.1 in (3.8) and (3.9) and applying induction on y, the results follows.

Theorem 3.4 Suppose p > 3 is any prime. Then for any integer a = 0, we have

[oe]

b<(8.p%%.n + p?¥)q"™ = 2(q) (mod 4) (3.11)
n=0
bs(8.p%**2.n + (8i + p)p?**1) = 0 (mod 4) (3.12)
Proof. From (3.7), we have
Z be(8n + 1)g" = 2f (mod 4) = 2 ¥(q) (mod 4) (3.13)
n=0
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(3.13) shows that (3.11) is valid for @ = 0. Let (3.11) be valid for some fixed a > 0. Using Lemma
2.5, (3.11) implies

=
Nl
w

> _ k2+k p2+Qk+)p  p2-Qk+1)p p?-1 2
Z bs(8.p**.n+p*)g"=2 ) q 2 f|q 2 , q 2 +q 8 Y(qP ) (mod 4)
n=0

=0

&

p?-1 p?-1
Extracting the terms involving g°™* & , dividing both sides by ¢ & and replacing g by ¢, we obtain

N h 2a p2_1 2a n — 14
bs | 8.p*% | pn + 8 +p q" = 2y(qP) (mod 4)

n=0

which yields

bs(8.p%%* . n + p29+2)q™ = 2 (qP) (mod 4) (3.14)

NgE

0

S
Il

Extracting the terms involving gP™ from both sides of (3.14), replacing gP by q, we obtain

D Bs(B.p2 . + g™ = 2p(q) (mod 4)
n=0

Thus (3.11) holds for @ + 1. This completes the proof of (3.11).
Similarly, extracting the terms that involve for gP"**, 1 < i < p — 1, from (3.14), we arrive at (3.12).

Theorem 3.5. [fu; € {11,19}, un € {17,33}, us € {13,21,29,37}, us € {15,23,31,39,47,55}, then for all integers

n = 0andforall a,f,y = 0, we have

o

bs(8 - 3%4.528.72rn 4 329 526 72 )q" = 2£3 (mod 4) (3.15)
n=0
© . kGBk-1)
Z bs(8 - 32441 . 52 . 727y 4 320 526 . 72r)gn = |2 (mod &) if n=——— (3.16)
n=0 0 (mod 4) otherwise
bs(8 - 32a+1. 526 . 72y 4 32a+2. 526 . 72V ) g = 2£3(mod4) (3.17)
n=0
Z bs(8-3%4+2. 526 . 72/ 4y, - 32942 . 526 . 72V )g™ = 0(mod4) (3.18)
n=0
Z bs(8 - 329, 528+1 72 4 32€ 528+2 72)qm = 2£3(mod4) (3.19)
n=0
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NgE

0

S
Il

NgE

0

3
Il

NgE

0

3
1l

NgE

0

3
]

NgE

0

S
Il

Z bs(8 - 320,528,727 +2 4y, - 32¢ 528 72/+2)qn = 0(mod4)
n=0

bs(8 - 324.528+2 72V 4 32¢ 528+2 72V )q" = 2£3 (mod4)

by(8 - 32¢. 5261, 72rn 4y, - 32,528 72V )g™ = 0(mod4)

bs(8 - 3%4.528+2, 72/ 4y, - 324, 526+1 72V )" = 0(mod4)

bs(8 - 32,528 72v+1p 4 322 528 72v+2)qn = 2 £3 (mod4)

bs(8 - 32%. 528, 72v+2n 4 32¢ 528 72v+2)qn = 2 £3 (mod4)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Proof. (3.7)isthe o ==y =0 case of (3.15). Let for some integer & >0 and p =y =0, (3.15) is true. Then from

(3.15), we have

235(8 - 32@ 4 32@)gn = 2£3(mod 4)
n=0

Using Lemmas 2.4 and 2.10 in (3.26), we have

Z bs(8 - 320 + 320)q" = 2(f; — 3qf3) (mod 4)

n=0

Extracting the terms that include ¢3"**from (3.27) and replacing g3by q, we obtain

bs(8 - 32041 p 4 320+2)gn = 2£3 (mod 4)

NgE

0

3
I

Collecting the terms that includes ¢*" from (3.28), we have

bs(8 - 32242 p 4 32a+2)gn = 2 £3 (mod 4)

s

n=0

Thus (3.15) is true for a + 1 when =y = 0. Consequently, (3.15) holds for all « >0 when 8 =y = 0.

(3.26)

(3.27)

(3.28)

(3.29)

Assuming y = 0, we suppose that (3.15) holds any integers @, > 0. Using Lemma 2.8 in (3.15) when y = 0, and

5n+3

gathering the terms of the type q and dividing by g3, we obtain
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Z bs(8 - 32952641 5 4 324 526+2)qn = 2£3 (mod 4)

n=0

Again, extracting the terms involving ¢°™ from both sides of (3.30), we obtain

Z bs(8 - 32952642 5 + 324 526+2)qn = 2£5 (mod 4)

n=0

Thus, (3.15) is true for f + 1.

(3.30)

(3.31)

Finally, we assume that the congruence holds for all ¢, f > 0 and some integer y > 0. Utilizing Lemma.2.9 in

(3.15) then collecting the terms of the type q”™*®, dividing by q°, we have

NgE

bs(8 - 324528 72r+1p 4 32@ 528 72r+2)qn = 2£3 (mod 4) (3.31)
n=0
Collecting the entries that contains q”" from (3.31), we obtain
Z bs(8 - 329526, 7242y 4 32 526 72r+2)qn = 2£3 (mod 4) (2.32)
n=0
Thus, (3.23) holds for y + 1. Therefore, (3.23) holds for all @, 8,y = 0.
By applying Lemmas 2.4 and 2.10 to equation (3.15), we arrive at
bs(8 - 324528, 72rn 4 322 526 72V Yq" = 2(f; — 3qf)(mod 4) (3.33)
n=0
Extracting the members that include ¢*" and replacing ¢®by q, we obtain
bs(8 - 32441526 72/ 4 324 528 72v+2)qn = 2f, (mod 4) (3.34)
n=0
Now using (2.5) in (3.34), we obtain (3.16)
Collecting the entries of the type ¢*"*! from (3.33), we obtain (3.17)
Collecting the entries of the type ¢*"*' and ¢*** from (3.17), we obtain for i = 1,2
Z bs(8 - 3261528 720 (3 + i) + 329+2,526 72 )q" = 0 (mod 4) (3.35)
n=0
which implies (3.18)
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Employing Lemma 2.8 in (3.15), we obtain

o)

2

) (mod 4) (3.36)

bs(8 - 329528 7%rn + 324 526 72 )q" = 2f}s <a(q5) -q- —a(qu)
0

n=

Collecting the entries of the type ¢°"*> from (3.36) and replacing q° by q, we obtain
Z bs(8 - 320.528+1 72 4 32¢ 526+2 72V )qn = 2£3 (mod 4) (337)
n=0

which implies (3.19).

Collecting the entries of the type ¢ from (3.37), we obtain (3.20).

5n+2

Moreover, extracting the terms that contains q and ¢5™** from (3.36), we obtain (3.21). Again, extracting

the terms involving q¢°>™*/ for j = 1,2,3,4 from (3.19), we obtain (3.22)

Now employing the Lemma.2.9 in (3.15) and collecting the terms of the type ¢”"*°, we get (3.23) We again
collect the terms of the form ¢’ from both sides of (3.23), we arrive at (3.24). Finally, we extract the terms of

the form ¢’**, for [ = 1,2,3,4,5,6, we obtain (3.25)

Theorem 3.6. For any prime p with (— %) = —1 and u any integer such that 1 < u < p — 1, then for all integer

n = 0 and all integer a = 0, we have

D Bs(8n+ Da" = W(@P(@)(mod 8) (3:38)
n=0
bs(8n+7) =0 (mod 8) (3.39)
> Bs(®.p*n +3.p7)q" = Hp(@P(a?)(mod 8) (3.40)
n=0
Z bs(8.p***2n + (8u + 3p ).p?**Nq"™ = 0(mod 8) (3.41)
n=0

Proof. Using Lemma 2.10 in (3.4), we have

i 5.2 w_ . [Rf
(2n+ 1)q" = - (mod 8) (3.42)
n=0 ]1

From (2.10) in (3.42) then collecting the terms of the form ¢?"*! we have
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21
fa

Z bs(4n +3)q" = 4 (mod 8) (3.43)
n=0

Extracting the terms that includes " from both sides of (3.43) and replacing g2 by g, we obtain

* 3,2
Z bs(8n +3)q" = 4 fi ff“ (mod 8) = 4 ¥(q)¥(q?)(mod 8) (3.44)
2

Extracting the terms containing q%™*! from (3.43), we arrive at (3.39)

(3.44) shows that (3.40) is valid for & = 0. Let for some o > 0, (3.40) is valid. Using Lemma 2.5 in (3.40) we
have

=3
> _ e S [ 2 x%4x p?+@2x+1)p p?-Qx+1)p p3-1 2 ]
Zb5(8.p n+ 3.p*%)q E4|Zq 2 flq 2 , q 2 +q 8 1/;(qp)|X
n=0 lx:o J
-3

[F= .- 1

Z qv’ Y f(qp2+(2y+1)p’ qu—(2y+1)p) + qup(qZPZ )} (mod 8) (3.45)
k=0

Consider the congruence

x*+x 3(p2 - 1)
+OP+y)=—pg—

(mod p)

which is equivalent to

2x+1)2+2Q2y + 1) = 0 (mod p) (3.46)

Since, (_72) = —1, the congruence (3.45) has only the solution x =y = pT_l.

3(p%-1 3(p2-1)

Extract the terms of the form g°™ ~ 8  from (3.45), dividing both sides by g~ &  and then replace gP with g,
we obtain

D Bs(8.p* 4 3.p)q" = 4(gP)(g™)(mod 8) (3.47)
n=0
Extracting all the terms that involve gP™ from (3.47) and replacing gP by ¢, we have
D Bs(8.p* 2 + 3,924 g" =4 p(@p(g?)(mod 8)
n=0

Thus, (3.40) is true for a + 1. This completes the proof of (3.40)

Similarly Extracting the terms that involve gP™"*%where 1 <u <p — 1, from (3.47), we obtain (3.41).
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Theorem 3.7. For any prime p with (_?2) = —1andj anyinteger such that 1 < j < p — 1, then for all integers

n=0and a = 0, we have

bs(8n + 7) = 0 (mod 16) (3.48)
i bs(8n + 3)q™ = 12¥(q)f5 (mod 16) (3.49)
n=0
i bs(8.p%*.n + 3.p**)q" = 12p%(—1)* P=D/2y(q)f; (mod 16) (3.50)
n=0
i bs(8.p** 1 (pn + j) + 3.p?**H)q™ = 0 (mod 16) (3.51)

Proof. Settingr = 5 in (1.11) and using (2.8) we have

had 5 5 2£2\°
Z bs(n)q" = %(/‘z{jﬁ +2q };’25;:> (3.52)

Extracting the term of the form g?"*1, dividing throughout by g, we obtain

=2 77 419 FILfT f2 f215 810
bs(n)q™ = 10 + 80 + 32¢2
nz:;) 5 f130f86 f130 f130f45
2£2
= 10/;?? (mod 16)
2Ja

Using (2.8) in (3.62), collect the terms of the type q>"*!, we obtain

o 2
Z bs(4n + 3)q"™ = 12 Jafs
n=0 f

(mod 16) (3.53)
2

Extracting the terms that involve g?™*?* from (3.53) we get (3.48).

Extracting the terms containing g™ from both sides of (3.53), we have

fofi

Z bs(8n + 3)q™ = 12 7 (mod 16) = 12 Y(@)f§ (mod 16) (3.54)

1

(3.54) is the a = 0 case of (3.50). Assume (3.50) is valid for some ¢ = 0 . Using Lemma 2.5 and Lemma 2.7, we
have
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Z bs(8.p%%.n + 3.p%*)q"
n=0

p=3
2 x24x p?+2x+)p p*-Qy+1p p?-1 2
= 12pa(_1)a. (p-1)/2 Zq 2 f q 2 . q 2 +q 8 lp(ql’ ) X
x=0
[ . ]
p—-1 P"—1.3
| D CDE QU Y (1) @pn+ 2y + D @M ) 4 ()T g 7 (3.55)
l y=0 n=0
yab5t
Consider the congruence
x2+x p?—1
2 =3
5 tO7+Y) 3
which is equivalent to
(2x +1)?2 + 22y + 1)? = 0 (mod p) (3.56)
Since (_72) = —1, the congruence (3.56) has the only solution x =y = 172;1. Extracting the terms that involve
3(p?-1) 3(p%-1)
q’™ ~ 8 from both sides of (3.55), dividing throughout by g~ &  and replacing qP by g, we obtain
Z bs(8.p*** . n + 3.p?*2)g" = 12 p@*H(—1)( @D P=D/2y(¢P)f3, (mod 16) (3.57)
n=0
By collecting the terms that involve gP™ and replacing q® by ¢, we obtain
Z 55(8'p2a+2.n + 3'p2a+2)qn =12 pa+1(_1)(a+1). (p—1)/2¢(q)f23 (mod 16)
n=0
This shows (3.50) is valid for a + 1. By induction, (3.50) is always true.
Finally extract the terms of the form gP**/ where 1 < j < p — 11 from (3.57), to obtain (3.51).
4. Congruence of bg(n)
Theorem 4.1. For all n > 0 we have,
bs(4n + 2) = 0 (mod 16) (4.1
bs(16n + 8) = 0 (mod 16) (4.2)
bs(32n + 12) = 0 (mod 16) (4.3)
bs(32n + 20) = 0 (mod 16) (4.4)
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bs(32n + 28) = 0 (mod 16) (4.5)
b (64n + 24) = 0 (mod 16) (4.6)
be(64n + 40) = 0 (mod 16) 4.7)
bs(64n + 56) = 0 (mod 16) (4.8)
be(128n + 16) = 0 (mod 16) (4.9
be(128n + 48) = 0 (mod 16) (4.10)
bs(128n + 70) = 0 (mod 16) (4.11)
Proof. Setting r = 6 in (1.8) and employing (2.12), we obtain
d 6 42 30 18 6
Z bs(M)q™ = fié[ i |12 fs +48q2f“ 5, 64q3f4f (4.12)
5T, I3 [ 7
Extracting the terms of the form ¢*" and ¢>"*! from (4.12), we obtain
= 48 244
Z be(2n)q™ = f48f12 + 48q FA0 (4.13)
n=0 1
and
— 12 £12
$7obe(2n + 1q™ = 12 fif4 +64q 7 (4.14)
Using Lemma 2.10 in (4.13), we have
> 24 £
Z be(2)q" = 22 (mod 16) = £ (mod 16) (4.15)
popr 3 fit
Gathering the terms of the form q*" and ¢**! from (4.15), we obtain
- W S
be(4n)q™ = —=; (mod 16) (4.16)
n=0 2
bs(4n + 2) = 0 (mod 16) (4.17)
Using (2.10) in (4.16), we obtain
N Lfs . ffE]
Z bg(4n)q" = 28 _2q2 16] (mod 16)
fz 2
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f20
AR

+8g—2—+8¢q Jo (4.18)

fffm it

2n

Extracting the terms of the form ¢*" and ¢***! from (4.18), we arrive at

[ee)

n_ fi
Z be(8n)q" = = fs +8q 7 (mod 16) (4.19)
Zb6(8n +4)gn = ff% (mod 16) (4.20)

Using Lemma 2.10 in (4.20), we have

Z bs(8n + 4)q™ = 8f7 (mod 16) (4.21)

n=0

Right hand side of (4.21) is a function of ¢*, collecting the terms that involves ¢*'*!, ¢*'*2, and ¢***3, we obtain
(43), (4.4) and (4.5).
From (4.19), collecting the terms of the form ¢?"and ¢***!, we have
it 20 fz
Z s(16m)q" = 822 (mod 16) =22 (mod 16) (4.22)
~ 1/a 2
Z (16n + 8)q™ = 8f# (mod 16) (4.23)
Using (2.11) in (4.22), and then gathering the terms of the type q*" and ¢>"*!, we arrive at
= n_of?
be(32n)q™ = 8 (mod 16) (4.24)
n=0 fl
Z (32n + 16)q™ = 8/ (mod 16) (4.25)
Extracting the terms of the form ¢*™*!, ¢*"*? and ¢*"** from (4.25), we arrive at (4.9), (4.10) and (4.11),
respectively. (4.6), (4.7) and (4.8) can be obtained on extracting the terms containing ¢*"*!, ¢*"*? and ¢*"*> from
(4.23)
Corollary 4.2. For all integersn = 0 and a = 0, we have
be(25*%n) = bs(16n) (mod 16) (4.26)
b (23*%(2n + 1)) = be(8n + 4) (mod 16) (4.27)

Proof. Using (4.22), (4.24) and induction on a > 0, we arrive at (4.26).

Again, using (4.21), (4.23), (4.25), and induction on ¢ > 0, we arrive at (4.27)
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Theorem 4.3. Suppose p > 3 is any prime. Then for all integers n>0, 0.>0and 1 <u<(p — 1), we have

be(32.p%%.n + 4.p*%)q"™ = 8 (q)(mod 16) (4.28)

NGE

-y
6(32.p%% 2. n + (4u + p).p?**1) = 0 (mod 16) (4.29)

S

Proof. Collecting the terms of the type q* from (4.21), we obtain
Z be(32n + 4)q™ = 8 Y(q)(mod 16) (4.30)
n=0

which shows (4.28) is true for ¢ = 0. We will omit the specific steps because it can be obtained using the same
logic as the proof of Theorem 3.4.

Theorem 4.4. If u; € {44,76}, u» € {68,132}, us € {52,84,116,148}, us € {60,92,124,156,188,220}, then for all
integer n , a, B, y >0, we have

Z be(32 - 32%.5%F.7%/n + 4 - 32¢.52F 72V )q" = 8 £ (mod16) (4.31)
n=0
“ L kBk-1)
D by(8- 32t 52 7n g 4320 520 ) gr = {B(Mod D m=THm 59
n=0 0 (mod 4) otherwise
be(32 - 320%1 . 526 . 72/ + 4. 32042 . 528 . 72V )q" = 2£3(mod16) (4.33)
n=0
Z be(32 - 32072 . 528 . 72/ 4y, - 32441 . 528 . 72 )g" = 0(mod16) (4.34)
n=0
Z b(32 - 320.526+1 72/ 4 4. 32¢ 528+2 72) g = 2£3(mod16) (4.35)
n=0
Z be(32 - 32952642 72V 4. 32@ 526+2 72V )g" = 2£3 (mod16) (4.36)
n=0
Z be(32 - 32252641 72/ + y, - 32%, 528 72V)q" = 0(mod16) (4.37)
n=0
Z be(32 - 32¢.52F+2 72V 4y, - 324, 52841 72 g™ = 0(mod16) (4.38)
n=0
Z be(32 - 32%.5%8, 72v+1n 4 4 . 324 528 72v+2)qn = 2£3(mod16) (4.39)
n=0
Z be(32 - 32%.5%F. 72V 42 4 4 . 32¢ 528 72v+2)qn = 2£3(mod16) (4.40)
n=0
Z be(32 - 32¢. 528, 72v+2n 4y, - 32¢, 528 72r+1)g" = 0(mod16) (4.41)

n=0

Proof. Collecting the terms that include g*" from both sides of (4.21) then replacing q* by q, we have
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s

bs(32n + 4)q™ = 8f3(mod 16)

n=0

which isthe @« = f =y = 0 case of (4.31). One can apply the same reasoning as in the proof of Theorem.3.5,

to get the results in Theorem.4.4, so we will skip the detailed steps.

Theorem 4.5. Suppose p > 0 be any prime with (_?2) = —1. For all integern 20, 20, 20and 1 <u <

p — 1, we have

Z be(32 - 32%.p?$.n + 4.3%%.p?F )q™ = 81, f,(mod16) (4.42)

Z 6(32-3%2%.p%*2 n + 4(8u + p). 3%%. p?$*1)q" = 0(Mmod16) (4.43)
n=0

Proof. Extracting the terms that involves g*" from both sides of (4.21), and replacing q* by g and employing
Lemma 2.10, we obtain

Z (32n + 4)q" = 8f, f,(mod 16) (4.44)

n=0

which is the case a = f = 0 of (4.42). Assume (4.42) holds for some positive integer o > 0 and = 0.

Employing (2.16) in (4.42) with f = 0 we obtain

Z (32.32% 1 + 4.320)q" = 8 (f; — qfofis) (mod 16) (4.45)

Collecting the terms that contains g*"*! from both sides of (4.46),

be(32.3%2¢%1 n + 4.328+2)g" = 8 £, f, (mod 16) (4.46)

gk

n=
Extracting the terms involving g3" from (4.46), we obtain

NGE

bs(32.3%2%%2 n + 4.329%2)q" = 8 f, f, (mod 16) (4.47)
0

b~
Il

This shows that for a+1 with § = 0, the congruence (4.42) holds. We now assume that for any a > 0 and for some
B >0, the congruence (4.42) holds

Employing Lemma.2.6 in (4.42), we obtain
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Z be(32.3%20%2 p2f.n + 4.320%2 p2F)gn

(p-1)/2
=8 (-1)! q(3i2+i)/2f(_q(3p2+(6i+1)P)/2’ _q(3p2—(6i+1)p)/2)
i=—(p-1)/2
i=+(p-1)/6
1 g [ @-1/2
+ (- 1) 6 q 2; fz Z (_1)1(, q(3k2+k)f(_q(3pz+(6k+1)p)'_q(3p2—(6k+1)p))
k=-(p-1)/2
L k=+(p-1)/6
tp-1 p°-1 21
+(-1) 6 q 12 |12 fp (mod 16) (4.48)
Consider the congruence
3i2+i p?—1
3k +k) =
(55) a0 ="
Which is equivalent to
(6i + 1)2 + 2 (6k + 1)? = 0 (mod p)
For (_?2) = —1, the above congruence has only the solution i = k = T Extracting all the terms of the form
2_1 2_1

) )
P 7§~ then dividingby q¢ 8 and replacing g by q, we arrive at

Z be(32.32% .p2h*+1.n + 4.32¢ p2h*+2)qn = 8 £, f,, (mod 16) (4.49)

n=0

Finally extracting the terms of the form ¢P" from (4.49), we arrive at

Z bs(32.3%% . p?P*2 1 + 4,320, p2B*2)q" = 8 £, £, (mod 16) (4.50)

n=0

which implies for § + 1, (4.42) holds. By induction (4.42) is valid for every a>0and >0

To prove our next congruence (4.43), we collect all the terms of the form gP™*%, where 1 < u < p — 1 from

both sides of (4.49).
Corollary 4.6. For all n> 0 and a > 0, we have
be(32.3%%. 1 + 68.3%%) = 0 (mod 16) (4.51)

be(32.32%2 1 + 4(8j + 3).329+1) = 0 (mod 16) (4.52)
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Proof. By extracting the terms that include g3"*2 from (4.45), we get
(4.51)

Similarly, extracting only those terms that include ¢*7, for j = 1,2 (4.47), we obtain
Z be(32.3%2%1(3n + j) + 4.329%2)g™ = 0 (mod 16) (4.53)
n=0

which yields the congruence (4.52).

Theorem 4.7. Suppose p > 3 is any prime with (_?4) =—land1<v<p-—1, then all integern =0 0 and

a = 0, we have

bs(4n + 3) = 0 (mod 16) (4.54)
bs(8n + 5)g™ = 8Y(q)yY(g*) (mod 16) (4.55)
n=0
Z bs(8.p%%.n + 5.p2%)q"™ = 8y (q)y(q*) (mod 16) (4.56)
n=0
be(8.p%** 1 (pn + v) + 5.p%**2) = 0 (mod 16) (4.57)

Proof. Using (4.14), and employing Lemma 2.10, we obtain

Z be(2n + 1)q" = 12f2f2(mod 16) (4.58)
n=0

2n+

Extracting the terms containing g™ and q?™*, replacing ¢> by ¢, we have

Z be(4n + 1)q" = 12f2f2(mod 16) (4.59)

bs(4n + 3) = 0 (mod 16)

Employing (2.8) in (4.59), we have

5 2
fafs _ 2q @> (mod 16) (4.60)

féfie fe

Z bg(4n + 1)q" = 12f7 <
n=0
Extract the terms of the type g?™*! from (4.60) and replacing ¢ by ¢, we have

had 3¢2
256(8n+ 5)q" = 810"
n=0 f

(mod 16) = 89 (q)¥(q*) (mod 16)
4
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which is the a = 0 case (4.56). Assume (4.56) is valid for some integer @ = 0, then using Lemma 2.5 in (4.62),

we have

x=0

p=3
i _ set o sas [2 x24x p2+Q2x+1)p p?-Qx+1)p p3-1 2 ]
Zba(&p .q" +5.p%)q E8qu 2 flg 2z ,q 2 +q 8 P(q¥ )J
-3
[z 1

2_
qz(y2+y) f(qz(p2+(2y+1)p), qz(pz—(2y+1)p)) + qPle(q4pz)

2
= |

(4.61)

Consider the congruence

x? +x 5(p?—1)
5+ 202 +y) = —5 (4.62)

(4.62) is equivalent to
(2x + 1)+ 42y + 1) = 0 (mod p)
-1

Since (_74) = —1, the above congruence has only the solution x =y = pT.

5(p%-1) s(p?-1)

s, dividing throughout by ¢~ &  and replacing qP by ¢, we have

Extracting the terms that involve ¢P™*

Z be(8.p%% 1. n 4 5.p2%+2)q"™ = 8y (qP)Y(q*?) (mod 16) (4.63)
n=0

Again, extracting the terms that involve gP™ from both sides of (4.63) and replacing g by ¢, we have

> Be(®.p?*2n + 5.9 )" = B(@)b(q") (mod 16)
n=0

Thus, the (4.56) holds for a + 1. This completes the proof of (4.56).
Finally, extracting the terms that involve g?™*” with 1 < v < p — 1, we obtain (4.57).

Theorem 4.8. Suppose p > 5 is any prime with (_?8) =—1land 1 < v <p—1, then for all integers n = 0 and

a =0, we have

bs(8n + 7) = 0 (mod 32) (4.64)

Z be(8n + 3)q™ = 16 f, f, (mod 32) (4.65)
n=0
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[oe]

be(8.p%%. 1 + 3.p**)q™ = 16 f,f; (mod 32) (4.66)
0

n=

be(8.p%* 1 (pn + v) + 3.p%**2) = 0 (mod 32) (4.67)

Proof. Using lemma 2.10 in (4.14), we have

Using (2.9) in (4.71) and collecting terms that are of the type q

Z bs(2n + 1)q"™ = 12ff;*(mod 32) (4.68)
n=0

211 we have
Z bs(4n + 3)q™ = 16, f,6(mod 32) (4.69)
n=0

Extracting the terms that contains g*” and ¢*"*' from (4.69), we obtain (4.65) and (4.64) respectively.

From (4.64), (4.66) is true for a = 0. Let (4.66) is valid for some integer ¢ = 0. Using Lemma 2.6 in (4.66), we

obtain

NgE

0

S
Il

(p-1)/2

1l
[ee]

x==(p-1)/2
x#+(p-1)/6

+p-1 p?-1

+(-1 6 q2*fp
tp-1 p?-1

+(-1)76 q 3 fge

Consider the congruence

Which is equivalent to

Since (_78) = —1, the above congruence has the only solution x =y =

be(8.p%%.n + 3.p%*)q"

(-1~ q(3x2+x)/2f(_q(3p2+(6x+1)p)/2’ _q(3p2—(6x+1)p)/2)

[ »-1)/2
(-1)” q4(3y2+y)f(_q4(3p2+(6y+1)p)’ _q4(3p2—(6y+1)p))
y=—(p-1/2
L y=+(p-1)/6
(mod 32) (4.70)
3x2+x 3(p2—1)

+4@y*+y) = (4.71)

2 8

(6x +1)2 + 8(6y + 1) = 0 (mod p)

+p-1

P
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3(p%-1
pn+ (p

)
Extracting the terms that involve g 8 from both sides of (4.70) and replacing gP by ¢, we arrive at

be(8.p?**1.n + 3.p2**2)q™ = 16 f, f3, (Mod 32) (4.72)

NgE

0

3
I

Similarly, extracting the terms that involve g™ from both sides of (4.72) and then replacing q” by ¢, we obtain

NgE

be(8.p%% 1. n + 3.p?**2)q"™ = 16 f, f, (mod 32)
0

3
]

Thus, (4.66) is valid for @ + 1. Therefore, by induction the (4.66) is valid for all integer & = 0
Finally, extracting the terms gP"*?, 1 < v < p — 1 from both sides of (4.72), we obtain (4.67)
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