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Abstract: The overcubic partition of a positive integer 𝑛 with 𝑘 − 𝑡𝑢𝑝𝑙𝑒𝑠 is denoted  𝑏ത௞(𝑛). Our aim is to 

investigate the congruence behaviour of 𝑏ത௞(𝑛).  We will explore a number of Ramanujan-Type congruences 

and investigate some infinite families of congruence modulo powers of 2 of  𝑏ത௞(𝑛) for 𝑘 = 5, 6. 
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1. Introduction:  

A partition of an integer 𝑛 ≥ 0 is a non-increasing sequence of 𝛿ଵ, 𝛿ଶ, 𝛿ଷ … … . . 𝛿௠ with 𝛿௜ ≥ 0 𝑓𝑜𝑟 𝑖 =

1, 2,3 … . 𝑚 so that  

෍ 𝛿௜ = 𝑛

௠

௜ୀଵ

 

𝛿௜ knows as parts. It is denoted by 𝑝(𝑛) and 𝑝(0) = 1. 

Ramanujan [18, 19] studied the arithmetic properties of 𝑝(𝑛) and established the following three congruences  

𝑝(5𝑛 + 4) ≡ 0(𝑚𝑜𝑑5)  

𝑝(7𝑛 + 5) ≡ 0(𝑚𝑜𝑑7)  

𝑝(11𝑛 + 6) ≡ 0(𝑚𝑜𝑑11)  

The generating function of p(n) is given by  

෍ 𝑝(𝑛)

ஶ

௡ୀ଴

= ෑ
1

(1 − 𝑞௡)
௡ஹଵ

=
1

(𝑞; 𝑞)ஶ

=
1

𝑓ଵ
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where 

𝑓௞ = (𝑞௞; 𝑞௞)ஶ = ෑ(1 − 𝑞௞௡),    

ஶ

௡ୀଵ

 

where 𝑞  is a complex number with |𝑞| < 1 and 𝑘 < 1. 

According to Corteel and Lovejoy [20], overpartition of an integer 𝑛 ≥ 0 is a partition of 𝑛 with the restriction 

that first occurrence of its part may be overlined. It is represented as 𝑝̅(𝑛) and it’s generating function is defined 

as 

෍ 𝑝(𝑛)𝑞௡ = ෑ
1 + 𝑞௡

1 − 𝑞௡

ஶ

௡ୀଵ

= 

ஶ

௡ୀ଴

𝑓ଶ

𝑓ଵ
ଶ  

A cubic partition of an integer 𝑛 ≥ 0 is a partition where even parts can appear in two colors. It is denoted by 

𝑎(𝑛) with a (0) = 1.  

In 2010, H. C. Chan [3, 4, 6] introduced the cubic partition function a(n). The generating function of a(n) is 

given by 

෍ 𝑎(𝑛)𝑞௡

ஶ

௡ୀ଴

=
1

(𝑞; 𝑞)ஶ(𝑞ଶ; 𝑞ଶ)ஶ

=
1

𝑓ଵ𝑓ଶ
 

H. C. Chan, B.Kim [10] defined the overcubic partition  function 𝑎ത(𝑛) and the generating function for 𝑎ത(𝑛)is 

given by 

෍ 𝑎ത(𝑛)𝑞௡ =
𝑓ସ

𝑓ଵ
ଶ𝑓ଶ

ஶ

௡ୀ଴

 

The number of cubic partition pair denoted by 𝑏(𝑛) was studied by Zhao and Zhong [16]. The generating function 
for b(n) is given by 

෍ 𝑏(𝑛)𝑞௡

ஶ

௡ୀ଴

=
1

𝑓ଵ
ଶ𝑓ଶ

ଶ  

Zhao and Zhong [16] explored certain arithmetic behaviour  of 𝑏(𝑛). 

The overcubic partition of 𝑛, denoted by 𝑏ത(𝑛) was studied by Kim [9] and Kim defined the overcubic partition 

as the number of 4-color partitions of n where the colors are taken as r, y, o, and b so that the even parts only can 

have colors o and b and the first occurrence parts of the partition  may be overline. The gemerating function of 

 𝑏ത(𝑛) is defined as follows 
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෍ 𝑏ത(𝑛)𝑞௡ =
𝑓ସ

ଶ

𝑓ଵ
ସ𝑓ଶ

ଶ

ஶ

௡ୀ଴

 

If 𝜆௜  , 𝑖 = 1, 2, 3, … … . 𝑘 are overcubic partition of a positive integer n with ∑ 𝜆௜ = 𝑛௞
௜ୀଵ  then  the 𝑘 −

𝑡𝑢𝑝𝑙𝑒 (𝜆ଵ, 𝜆ଶ, 𝜆ଷ, … … 𝜆௞) is called overcubic partition of n with k − tuples. It is denoted by  𝑏ത௞(𝑛) and the 
generating function is defined as  

෍ 𝑏ത௞(𝑛)𝑞௡ =
𝑓ସ

௞

𝑓ଵ
ଶ௞𝑓ଶ

௞

ஶ

௡ୀ଴

 

Several congruences modulo 3 and 64 for 𝑏തଶ(𝑛)  was established by Kim [9].  Motivated by Kim’s work, Lin 

[11] proved many infinite families of congruence modulo 3 and 5. 

Congruence modulo power of 2 for 𝑏തଶ(𝑛) was studied by Ray and Barman [14]. The authors able to establish 

Several Ramanujan-type congruence and infinite families of congruence module power of 2. Naika and 

Shivashankar [12] also studied the arithmetic properties of overcubic partition and established many infinite 

families of congruences modulo powers of 2.  Recently, in 2024, Buragohain and Saikia [2] explored the 

congruence properties of 𝑏തସ௠ାଶ(𝑛), 𝑏തସ௠ାଷ(𝑛), 𝑏ത଼௠ାଶ, 𝑏ത଼௠ାହ(𝑛) 𝑎𝑛𝑑 𝑏തଵ଺௠ାସ(𝑛) for integer 𝑚 ≥ 1. 

2. Preliminaries 

Ramanujan’s general theta function is defined by 

𝑓(𝑎, 𝑏) = ෍ 𝑎௡(௡ାଵ)/ଶ

ஶ

௡ୀ଴

𝑏௡(௡ିଵ)/ଶ,  |𝑎𝑏| < 1 (2.1) 

𝑓(𝑎, 𝑏) = (−𝑎; 𝑎𝑏)ஶ(−𝑏; 𝑎𝑏)ஶ(𝑎𝑏; 𝑎𝑏)ஶ (2.2) 

(2.2) is obtained using Jacobi’s Triple product identity. 

Three special cases of 𝑓(𝑎, 𝑏) are defined for |𝑞| < 1, by [[1], p.36, Entry 22] 

𝜙(𝑞) = 𝑓(𝑞, 𝑞) = ෍ 𝑞௞మ
=

ஶ

௞ୀ଴

𝑓ଶ
ହ

𝑓ଵ
ଶ𝑓ସ

ଶ
(2.3) 

𝜓(𝑞) = 𝑓(𝑞, 𝑞ଷ) = ෍ 𝑞௞(௞ାଵ)/ଶ

ஶ

௞ୀ଴

=
𝑓ଶ

ଶ

𝑓ଵ

(2.4) 

𝑓(−𝑞) = 𝑓(−𝑞, −𝑞ଶ) = ෍ (−1)௞

ஶ

௞ୀିஶ

𝑞௞(ଷ௞ିଵ)/ଶ = 𝑓ଵ (2.5) 
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We also define the following 

𝜑(−𝑞) =
(𝑞; 𝑞)ஶ

ଶ

(𝑞ଶ; 𝑞ଶ)ஶ

𝑎𝑛𝑑 𝜓(−𝑞) =
(𝑞; 𝑞)ஶ(𝑞ସ; 𝑞ସ)ஶ

(𝑞ଶ; 𝑞ଶ)ஶ

(2.6) 

We will use the following dissection formulas and some important, already established results in proving our main 

results. 

Lemma 2.1. The following 2-dissections holds 

𝑓ଵ
ଶ =

𝑓ଶ𝑓ହ

𝑓ସ
ଶ𝑓ଵ଺

ଶ − 2𝑞
𝑓ଶ𝑓ଵ଺

ଶ

𝑓
(2.8) 

𝑓ଵ
ସ  =

𝑓ସ
ଵ଴

𝑓ଶ
ଶ 𝑓ସ + 4𝑞

𝑓ଶ
ଶ 𝑓ସ

𝑓ସ
ଶ

(2.9) 

Proof. For (2,8) see [1, p. 40, Entry 25] and see [22, Lem. 1] for a proof of (2.9).  

Lemma 2.2 ([17], Lemma. 2.1). The following 2-dissections hold 

1

𝑓ଵ
ଶ =

𝑓ହ

𝑓ଶ
ହ𝑓ଵ଺

ଶ + 2𝑞
𝑓ସ

ଶ𝑓ଵ଺
ଶ

𝑓ଶ
ହ𝑓

(2.10) 

1

𝑓ଵ
଼ =

𝑓ସ
ଶ଼

𝑓ଶ
ଶ଼𝑓଼ + 8𝑞

𝑓ସ
ଵ଺

𝑓ଶ
ଶସ + 16𝑞ଶ

𝑓ସ
ସ𝑓଼

𝑓ଶ
ଶ଴

(2.11) 

1

𝑓ଵ
ଵଶ =

𝑓ସ
ସଶ

𝑓ଶ
ସଶ𝑓ଵଶ + 12𝑞

𝑓ସ
ଷ଴

𝑓ଶ
ଷ଼𝑓ସ + 48𝑞ଶ

𝑓ସ
ଵ଼𝑓ସ

𝑓ଶ
ଷସ + 64𝑞ଷ

𝑓ସ
଺𝑓ଵଶ

𝑓ଶ
ଷ଴

(2.12) 

1

𝑓ଵ
ଵ଺ =

𝑓ସ
ହ଺

𝑓ଶ
ହ଺𝑓ଵ଺ + 16𝑞

𝑓ସ
ସସ

𝑓ଶ
ହଶ𝑓଼ + 96𝑞ଶ

𝑓ସ
ଷଶ

𝑓ଶ
ସ଼ + 256𝑞ଷ

𝑓ସ
ଶ଴𝑓଼

𝑓ଶ
ସସ + 256𝑞ସ

𝑓ସ
଼𝑓ଵ଺

𝑓ଶ
ସ଴

(2.13) 

Lemma 2.3 ([21], Equation 14.3.3). We have, the following 3-dissection 

𝑓ଶ
ଶ

𝑓ଵ

=
𝑓଺𝑓ଽ

ଶ

𝑓ଷ𝑓ଵ଼

+ 𝑞
𝑓ଵ଼

ଶ

𝑓ଽ

(2.14) 

Lemma 2.4 ([1], p, 345). The following 3-dissections holds: 

𝑓ଵ
ଷ =

𝑓଺𝑓ଽ
଺

𝑓ଷ𝑓ଵ଼
ଷ + 4𝑞ଷ𝑓ଷ

ଶ𝑓ଵ଼
଺ − 3𝑞𝑓ଽ

ଷ (2.15) 

𝑓ଵ𝑓ଶ =
𝑓଺𝑓ଽ

ସ

𝑓ଷ𝑓ଵ଼
ଶ − 𝑞𝑓ଽ𝑓ଵ଼ − 2𝑞ଶ  

𝑓ଷ𝑓ଵ଼
ସ

𝑓଺𝑓ଽ
ଶ

(2.16) 

Lemma 2.5 ([7], Theorem 2.1). For any odd prime p, we have 
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𝜓(𝑞) = ෍ 𝑞
௞మା௞

ଶ

௣ିଷ
ଶ

௞ୀ଴

𝑓 ቆ𝑞
௣మା(ଶ௞ାଵ)௣

ଶ ,  𝑞
௣మି(ଶ௞ାଵ)௣

ଶ ቇ + 𝑞
௣మିଵ

଼ 𝜓൫𝑞௣మ
൯ 

 

𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟, 𝑓𝑜𝑟       0 ≤ 𝑘 ≤
𝑝 − 3

2
 

𝑘ଶ + 𝑘

2
≢

𝑝ଶ − 1

8
 (𝑚𝑜𝑑 8) 

Lemma 2.6 ([7], Theorem 2.2). For any prime p ≥ 5, we have 

𝑓ଵ = ෍ (−1)௞

(௣ିଵ)/ଶ

ೖసష(೛షభ)/మ  
ೖಯ±(೛షభ)/ల

𝑞൫ଷ௞మା௞൯/ଶ𝑓൫−𝑞൫ଷ௣మା(଺௞ାଵ)௣൯/ଶ, −𝑞൫ଷ௣మି(଺௞ାଵ)௣൯/ଶ൯ + (−1)
±୮ିଵ

଺ q
୮మିଵ

ଶସ f୮మ  

.where 

±𝑝 − 1

6
= ൞

𝑝 − 1

6
             𝑖𝑓 𝑝 ≡  1 (𝑚𝑜𝑑 6)

−
𝑝 − 1

6
           𝑖𝑓 𝑝 ≡  −1 (𝑚𝑜𝑑 6)

 

  

Furthermore, if 

−
𝑝 − 1

6
≤ 𝑘 ≤

𝑝 − 1

6
        𝑎𝑛𝑑 𝑘 ≠

±𝑝 − 1

6
 

then 

3𝑘ଶ + 𝑘

2
≢  

𝑝ଶ − 1

24
 (𝑚𝑜𝑑 𝑝) 

Lemma 2.7 ([5], Lemma 2.3). For any prime p ≥ 3, we have 

𝑓ଵ
ଷ = ෍ (−1)௞

௣ିଵ

ೖసబ

ೖಯ
೛షభ

మ

𝑞
௞(௞ାଵ)

ଶ ෍(−1)௡(2𝑝𝑛 + 2𝑘 + 1)

ஶ

௡ୀ଴

𝑞௣௡⋅
௣௡ାଶ௞ା

ଶ  + (−1)௣ିଵ/ଶ𝑞
௣మିଵ

଼
௙

೛మ
య

 

Furthermore, if 𝑘 ≠
௣ିଵ

ଶ
  and 0 ≤ 𝑘 ≤ 𝑝 − 1, then 

3𝑘ଶ + 𝑘

2
≢  

𝑝ଶ − 1

8
 (𝑚𝑜𝑑 𝑝) 

Lemma 2.8 ([13], p. 212). We have the following 5-dissection formula: 
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𝑓ଵ = 𝑓ଶହ ቆ𝑎(𝑞ହ) − 𝑞 −
𝑞ଶ

𝑎(𝑞ହ)
ቇ , 

Where  

𝑎 ≔ 𝑎(𝑞) ≔
(𝑞ଶ, 𝑞ଷ, 𝑞ହ; 𝑞ହ)ஶ

(𝑞, 𝑞ସ, 𝑞ହ; 𝑞ହ)ஶ

 

Lemma 2.9 ([1], p. 303, entry. 17(v)). We have 

𝑓ଵ = 𝑓ସଽ ቆ
𝐵(𝑞଻)

𝐶(𝑞଻)
− 𝑞

𝐴(𝑞଻)

𝐵(𝑞଻)
− 𝑞ଶ + 𝑞ହ

𝐶(𝑞଻)

𝐴(𝑞଻)
ቇ 

where 

 𝐴(𝑞) = 𝑓(−𝑞ଷ, −𝑞ସ),  𝐵(𝑞) = 𝑓(−𝑞ଶ, −𝑞ହ)𝑎𝑛𝑑 𝐶(𝑞) = 𝑓(−𝑞, −𝑞଺) 

Lemma 2.10. For all primes p and all k, m, j ≥ 1, we have 

 𝑓௣௠
௣ೖషభ௝

≡ 𝑓௠
௣ೖ௝

 (𝑚𝑜𝑑 𝑝௞) (2.17) 

3. Congruence of 𝑏തହ (𝑛) 

Theorem 3.1. For any n ≥ 0 we have 

𝑏തହ (2𝑛) ≡  𝑏തହ(𝑛)  (𝑚𝑜𝑑 4) (3.1) 

Proof.  Setting 𝑟 = 5, in (1.11), we have  

∑ 𝑏തହ(𝑛)𝑞௡ =
௙ర

ఱ

௙భ
భబ௙మ

ఱ =
௙ర

ఱ

௙మ
ఱ ቀ

ଵ

௙భ
ఴቁ ቀ

ଵ

௙భ
మቁஶ

௡ୀ଴ (3.2)

Using (2.10) and (2.11) in (3.2) and expanding the expression and collecting the terms that include q2n and q2n+1 
, we have 

෍ 𝑏തହ(2𝑛)𝑞௡ =
𝑓ଶ

ଷଷ

𝑓ଵ
ଷ଼𝑓ସ

ଷ𝑓ଶ + 16𝑞
𝑓ଶ

ଶଷ𝑓ଶ

𝑓ଵ
ଷସ𝑓ସ

+ 16𝑞
𝑓ଶ

ଽ𝑓ସ
ଵଷ

𝑓ଵ
ଷ଴𝑓ଶ

ஶ

௡ୀ଴

(3.3) 

and 

෍ 𝑏തହ(2𝑛 + 1)𝑞௡ =

ஶ

௡ୀ଴

 2
𝑓ଶ

ଷହ𝑓ଶ

𝑓ଵ
ଷ଼𝑓ସ

ଽ + 8
𝑓ଶ

ଶଵ𝑓ସ
ହ

𝑓ଵ
ଷସ𝑓ଶ + 32𝑞 

𝑓ଶ
ଵଵ𝑓ସ

଻𝑓ଶ

𝑓ଵ
ଷ଴  (3.4) 

From (3.3) we have 

෍ 𝑏തହ(2𝑛)𝑞௡ ≡  
𝑓ସ

ସ

𝑓ଵ
଼𝑓ଶ

ସ .  
𝑓ସ

𝑓ଵ
ଶ𝑓ଶ

 (𝑚𝑜𝑑 4) ≡
𝑓ସ

𝑓ଵ
ଶ𝑓ଶ

 (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

(3.5) 



Journal of Applied and Fundamental Sciences    
   
   
 

 

   
JAFS|ISSN 2395-5554 (Print)|ISSN 2395-5562 (Online)|Vol 10 |December 2025                                          102 

Again, using Lemma 2.10 and (3.3), we have 

෍ 𝑏തହ(2𝑛)𝑞௡ ≡
𝑓ଶ

ଷଷ

𝑓ଵ
ଷ଼𝑓ସ

ଷ𝑓ଶ  (𝑚𝑜𝑑 4) ≡
𝑓ସ

𝑓ଵ
ଶ𝑓ଶ

 (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

(3.6) 

from (3.5) and (3.6), we obtain (3.1). 

Theorem 3.2. For any n ≥ 0, and 𝑖 ∈ {3, 5, 7}, we have 

෍ 𝑏തହ(8𝑛 + 1)𝑞௡ ≡ 2𝑓ଵ
ଷ (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

(3.7) 

𝑏തହ(4𝑛 + 3)  ≡ 0 ( 𝑚𝑜𝑑 4) (3.8) 

𝑏തହ(8𝑛 + 𝑖)  ≡ 0 ( 𝑚𝑜𝑑 4) (3.9)  

Proof. From (3.4) and thanks to Lemma 2.10, we have 

෍ 𝑏തହ(2𝑛 + 1)𝑞௡ ≡ 2
𝑓ସ

଼𝑓ଶ

𝑓ସ
ଽ  (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

≡ 2𝑓ସ
ଷ (𝑚𝑜𝑑 4) (3.10) 

From (3.10), collecting the co-efficient of q4n  we obtain (3.7) 

Since 𝑓ସ
ଷ is a function of 𝑞ସ , therefore (3.8) and (3.9) will be obtained from (3.10) by extracting the terms 

that contains 𝑞ଶ௡ାଵ , 𝑞ସ௡ାଵ, 𝑞ସ௡ାଶ and 𝑞ସ௡ାଷrespectively. 

Corollary 3.3. For all integer, n ≥ 0, γ ≥ 0, and r ∈ {3,5,7}, we have 

𝑏തହ(2ఊ(4𝑛 + 3) ≡ 0 (𝑚𝑜𝑑 4) 

𝑏തହ(2ఊ(8𝑛 + 𝑟) ≡ 0 (𝑚𝑜𝑑 4) 

Proof. By using Theorem 3.1 in (3.8) and (3.9) and applying induction on 𝛾, the results follows. 

Theorem 3.4 Suppose p ≥ 3 is any prime. Then for any integer 𝛼 ≥ 0, we have 

෍ 𝑏തହ(8. 𝑝ଶఈ. 𝑛 + 𝑝ଶఈ)𝑞௡ ≡ 2 𝜓(𝑞) (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

(3.11) 

𝑏തହ(8. 𝑝ଶఈାଶ. 𝑛 + ( 8𝑖 + 𝑝)𝑝ଶఈାଵ) ≡ 0 (𝑚𝑜𝑑 4) (3.12) 

Proof. From (3.7), we have 

෍ 𝑏തହ(8𝑛 + 1)𝑞௡ ≡

ஶ

௡ୀ଴

2𝑓ଵ
ଷ (𝑚𝑜𝑑 4) ≡ 2 𝜓(𝑞) (𝑚𝑜𝑑 4) (3.13) 
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(3.13) shows that (3.11) is valid for 𝛼 = 0.  Let (3.11) be valid for some fixed α ≥ 0. Using Lemma 
2.5, (3.11) implies 

෍ 𝑏തହ(8. 𝑝ଶఈ. 𝑛 + 𝑝ଶఈ)𝑞௡ ≡ 2 ෍ 𝑞
௞మା௞

ଶ

௣ିଷ
ଶ

௞ୀ଴

𝑓 ቆ𝑞
௣మା(ଶ௞ାଵ)௣

ଶ ,  𝑞
௣మି(ଶ௞ାଵ)௣

ଶ ቇ + 𝑞
௣మିଵ

଼ 𝜓൫𝑞௣మ
൯ (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

 

Extracting the terms involving 𝑞௣௡ା
೛మషభ

ఴ  , dividing both sides by 𝑞
೛మషభ

ఴ  and replacing 𝑞௣  by q, we obtain 

෍ 𝑏തହ ቆ8. 𝑝ଶఈ ቆ𝑝𝑛 +
𝑝ଶ − 1

8
ቇ + 𝑝ଶఈቇ 𝑞௡ ≡ 2𝜓(𝑞௣) (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

 

which yields 

෍ 𝑏തହ(8. 𝑝ଶఈାଵ. 𝑛 + 𝑝ଶఈାଶ)𝑞௡ ≡ 2𝜓(𝑞௣) (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

(3.14) 

Extracting the terms involving 𝑞௣௡  from both sides of (3.14), replacing 𝑞௣ by q, we obtain 

෍ 𝑏തହ(8. 𝑝ଶఈାଶ. 𝑛 + 𝑝ଶఈାଶ)𝑞௡ ≡ 2𝜓(𝑞) (𝑚𝑜𝑑 4)

ஶ

௡ୀ଴

 

Thus (3.11) holds for 𝛼 + 1. This completes the proof of (3.11).  

Similarly, extracting the terms that involve for 𝑞௣௡ା௜  , 1 ≤ 𝑖 ≤ 𝑝 − 1, from (3.14), we arrive at (3.12). 

Theorem 3.5.  If u1 ∈ {11,19}, u2 ∈ {17,33}, u3 ∈ {13,21,29,37}, u4 ∈ {15,23,31,39,47,55}, then for all integers 

𝑛 ≥ 0 and for all 𝛼, 𝛽, 𝛾 ≥ 0, we have 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊ𝑛 + 3ଶఈ. 5ଶఉ . 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଵ
ଷ (𝑚𝑜𝑑 4) (3.15) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈାଵ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 3ଶఈ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  ቐ2 (𝑚𝑜𝑑 4)     𝑖𝑓   𝑛 =
𝑘(3𝑘 − 1)

2
0  (𝑚𝑜𝑑 4)                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(3.16) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈାଵ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 3ଶఈାଶ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡ ≡ 2𝑓ଷ
ଷ(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.17) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈାଶ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 𝑢ଵ ⋅ 3ଶఈାଶ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡ 0(𝑚𝑜𝑑4) (3.18) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉାଵ. 7ଶఊ𝑛 + 3ଶఈ . 5ଶఉାଶ. 7ଶఊ൯𝑞௡ ≡ 2𝑓ହ
ଷ(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.19) 
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෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉାଶ. 7ଶఊ𝑛 + 3ଶఈ . 5ଶఉାଶ. 7ଶఊ൯𝑞௡ ≡ 2𝑓ଵ
ଷ(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.20) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ. 5ଶఉାଵ. 7ଶఊ𝑛 + 𝑢ଶ ⋅ 3ଶఈ. 5ଶఉ . 7ଶఊ൯𝑞௡ ≡ 0(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.21) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉାଶ. 7ଶఊ𝑛 + 𝑢ଷ ⋅ 3ଶఈ . 5ଶఉାଵ. 7ଶఊ൯𝑞௡ ≡ 0(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.22) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଵ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡ ≡ 2𝑓଻
ଷ(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.23) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡ ≡ 2𝑓ଵ
ଷ(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.24) 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ𝑛 + 𝑢ସ ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡ ≡ 0(𝑚𝑜𝑑4)

ஶ

௡ୀ଴

(3.25) 

Proof.  (3.7) is the α = β = γ = 0 case of (3.15). Let for some integer α ≥ 0 and β = γ = 0, (3.15) is true.  Then from 
(3.15), we have 

෍ 𝑏ହ(8 ⋅ 3ଶఈ . 𝑛 + 3ଶఈ)𝑞௡

ஶ

௡ୀ଴

≡ 2𝑓ଵ
ଷ(𝑚𝑜𝑑 4) (3.26) 

Using Lemmas 2.4 and 2.10 in (3.26), we have 

෍ 𝑏ହ(8 ⋅ 3ଶఈ. 𝑛 + 3ଶఈ)𝑞௡

ஶ

௡ୀ଴

≡  2(𝑓ଷ − 3𝑞𝑓ଽ
ଷ) (𝑚𝑜𝑑 4) (3.27) 

Extracting the terms that include 𝑞ଷ௡ାଵfrom (3.27) and replacing 𝑞ଷby 𝑞, we obtain 

෍ 𝑏ହ(8 ⋅ 3ଶఈାଵ. 𝑛 + 3ଶఈାଶ)𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଷ
ଷ (𝑚𝑜𝑑 4) (3.28) 

Collecting the terms that includes q3n from (3.28), we have 

෍ 𝑏ହ(8 ⋅ 3ଶఈାଶ. 𝑛 + 3ଶఈାଶ)𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଵ
ଷ (𝑚𝑜𝑑 4) (3.29) 

Thus (3.15) is true for α + 1 when β = γ = 0. Consequently, (3.15) holds for all α ≥ 0 when 𝛽 = 𝛾 = 0.  

Assuming γ = 0, we suppose that (3.15) holds any integers α, β ≥ 0. Using Lemma 2.8 in (3.15) when γ = 0, and 

gathering the terms of the type 𝑞ହ௡ାଷ and dividing by 𝑞ଷ, we obtain 
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෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉାଵ. 𝑛 + 3ଶఈ. 5ଶఉାଶ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ହ
ଷ (𝑚𝑜𝑑 4) (3.30) 

Again, extracting the terms involving 𝑞ହ௡  from both sides of (3.30), we obtain 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉାଶ. 𝑛 + 3ଶఈ. 5ଶఉାଶ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଵ
ହ (𝑚𝑜𝑑 4) (3.31) 

Thus, (3.15) is true for β + 1.  

Finally, we assume that the congruence holds for all α, β ≥ 0 and some integer γ ≥ 0. Utilizing Lemma.2.9 in 

(3.15) then collecting the terms of the type 𝑞଻௡ା଺, dividing by 𝑞଺, we have 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉ . 7ଶఊାଵ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓଻
ଷ (𝑚𝑜𝑑 4) (3.31) 

Collecting the entries that contains q7n from (3.31), we obtain 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉ . 7ଶఊାଶ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଵ
ଷ (𝑚𝑜𝑑 4) (2.32) 

Thus, (3.23) holds for 𝛾 + 1. Therefore, (3.23) holds for all 𝛼, 𝛽, 𝛾 ≥ 0. 

By applying Lemmas 2.4 and 2.10 to equation (3.15), we arrive at 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉ . 7ଶఊ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  2(𝑓ଷ − 3𝑞𝑓ଽ
ଷ)(𝑚𝑜𝑑 4) (3.33) 

Extracting the members that include q3n and replacing 𝑞ଷby 𝑞, we obtain 

෍ 𝑏ହ൫8 ⋅ 3ଶఈାଵ5ଶఉ . 7ଶఊ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଵ (𝑚𝑜𝑑 4) (3.34) 

Now using (2.5) in (3.34), we obtain (3.16) 

Collecting the entries of the type q3n+1 from (3.33), we obtain (3.17) 

Collecting the entries of the type q3n+1 and q3n+2 from (3.17), we obtain for 𝑖 = 1, 2 

෍ 𝑏ହ൫8 ⋅ 3ଶఈାଵ5ଶఉ . 7ଶఊ(3𝑛 + 𝑖) + 3ଶఈାଶ. 5ଶఉ . 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  0 (𝑚𝑜𝑑 4) (3.35) 

which implies (3.18) 
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Employing Lemma 2.8 in (3.15), we obtain 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ5ଶఉ . 7ଶఊ𝑛 + 3ଶఈ . 5ଶఉ . 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ଶହ
ଷ ቆ𝑎(𝑞ହ) − 𝑞 −

𝑞ଶ

𝑎(𝑞ହ)
ቇ

ଷ

(𝑚𝑜𝑑 4) (3.36) 

Collecting the entries of the type q5n+3 from (3.36) and replacing  𝑞ହ  by 𝑞, we obtain 

෍ 𝑏ହ൫8 ⋅ 3ଶఈ . 5ଶఉାଵ. 7ଶఊ𝑛 + 3ଶఈ. 5ଶఉାଶ. 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡  2𝑓ହ
ଷ (𝑚𝑜𝑑 4) (3.37) 

which implies (3.19). 

Collecting the entries of the type q5n from (3.37), we obtain (3.20). 

Moreover, extracting the terms that contains 𝑞ହ௡ାଶand 𝑞ହ௡ାସ from (3.36), we obtain (3.21). Again, extracting 

the terms involving 𝑞ହ௡ା௝  for j = 1,2,3,4 from (3.19), we obtain (3.22) 

Now employing the Lemma.2.9 in (3.15) and collecting the terms of the type q7n+6, we get (3.23) We again 

collect the terms of the form q7n from both sides of (3.23), we arrive at (3.24). Finally, we extract the terms of 

the form q7n+l, for l = 1,2,3,4,5,6, we obtain (3.25)  

Theorem 3.6. For any prime p with ቀ−
ଶ

௣
ቁ = −1  and u any integer such that 1 ≤ 𝑢 ≤ 𝑝 − 1, then for all integer 

𝑛 ≥ 0 and all integer 𝛼 ≥ 0 , we have 

෍ 𝑏തହ(8𝑛 + 1)𝑞௡  ≡

ஶ

௡ୀ଴

 4𝜓(𝑞)𝜓(𝑞ଶ)(𝑚𝑜𝑑 8) (3.38) 

𝑏തହ(8𝑛 + 7)  ≡ 0 (𝑚𝑜𝑑 8) (3.39) 

෍ 𝑏തହ(8. 𝑝ଶఈ𝑛 + 3. 𝑝ଶఈ)𝑞௡  ≡

ஶ

௡ୀ଴

 4𝜓(𝑞)𝜓(𝑞ଶ)(𝑚𝑜𝑑 8) (3.40) 

෍ 𝑏തହ(8. 𝑝ଶఈାଶ𝑛 + (8𝑢 + 3𝑝 ). 𝑝ଶఈାଵ)𝑞௡  ≡

ஶ

௡ୀ଴

 0(𝑚𝑜𝑑 8) (3.41) 

Proof. Using Lemma 2.10 in (3.4), we have 

෍ 𝑏തହ(2𝑛 + 1)𝑞௡ ≡ 2 
𝑓ଶ

ଶ𝑓ସ

𝑓ଵ
ଶ  (𝑚𝑜𝑑 8)

ஶ

௡ୀ଴

(3.42) 

From (2.10) in (3.42) then collecting the terms of the form q2n+1   we have 
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෍ 𝑏തହ(4𝑛 + 3)𝑞௡ ≡ 4 
𝑓ଶ

ଷ𝑓ଶ

𝑓ସ

 (𝑚𝑜𝑑 8)

ஶ

௡ୀ଴

(3.43) 

Extracting the terms that includes 𝑞ଶ௡ from both sides of (3.43) and replacing 𝑞ଶ by 𝑞, we obtain 

෍ 𝑏തହ(8𝑛 + 3)𝑞௡ ≡ 4 
𝑓ଵ

ଷ𝑓ସ
ଶ

𝑓ଶ

 (𝑚𝑜𝑑 8)

ஶ

௡ୀ଴

≡ 4 𝜓(𝑞)𝜓(𝑞ଶ)(𝑚𝑜𝑑 8) (3.44) 

Extracting the terms containing 𝑞ଶ௡ାଵ  from (3.43), we arrive at (3.39) 

(3.44) shows that (3.40) is valid for α = 0. Let for some α ≥ 0, (3.40) is valid. Using Lemma 2.5 in (3.40) we 
have 

෍ 𝑏തହ(8. 𝑝ଶఈ𝑛 + 3. 𝑝ଶఈ)𝑞௡  ≡

ஶ

௡ୀ଴

4 

⎣
⎢
⎢
⎡

෍ 𝑞
௫మା௫

ଶ

௣ିଷ
ଶ

௫ୀ଴

𝑓 ቆ𝑞
௣మା(ଶ௫ାଵ)௣

ଶ ,  𝑞
௣మି(ଶ௫ାଵ)௣

ଶ ቇ + 𝑞
௣మିଵ

଼ 𝜓൫𝑞௣మ
൯

⎦
⎥
⎥
⎤

 𝑋 

⎣
⎢
⎢
⎡

෍ 𝑞୷మା୷

௣ିଷ
ଶ

௞ୀ଴

𝑓൫𝑞௣మା(ଶ௬ାଵ)௣,  𝑞௣మି(ଶ௬ାଵ)௣൯ + 𝑞
௣మିଵ

ସ 𝜓൫𝑞ଶ௣మ
 ൯

⎦
⎥
⎥
⎤

 (𝑚𝑜𝑑 8) (3.45)

 

 Consider the congruence 

𝑥ଶ + 𝑥

2
+ (𝑦ଶ + 𝑦) ≡

3(𝑝ଶ − 1)

8
 (𝑚𝑜𝑑 𝑝) 

which is equivalent to 

(2𝑥 + 1)ଶ + 2(2𝑦 + 1) ≡ 0 (𝑚𝑜𝑑 𝑝) (3.46) 

Since, ቀ
ିଶ

௣
ቁ = −1, the congruence (3.45) has only the solution 𝑥 = 𝑦 =

௣ିଵ

ଶ
.  

Extract the terms of the form 𝑞௣௡
య൫೛మషభ൯

ఴ  from (3.45), dividing both sides by 𝑞
య൫೛మషభ൯

ఴ  and then replace  𝑞௣ with q, 
we obtain 

෍ 𝑏തହ(8. 𝑝ଶఈାଵ𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡  ≡

ஶ

௡ୀ଴

4 𝜓(𝑞௣)𝜓(𝑞ଶ௣)(𝑚𝑜𝑑 8) (3.47) 

Extracting all the terms that involve 𝑞௣௡  from (3.47) and replacing 𝑞௣  by q, we have 

෍ 𝑏തହ(8. 𝑝ଶఈାଶ𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡  ≡

ஶ

௡ୀ଴

4 𝜓(𝑞)𝜓(𝑞ଶ)(𝑚𝑜𝑑 8) 

Thus, (3.40) is true for α + 1. This completes the proof of (3.40) 

Similarly Extracting the terms that involve 𝑞௣௡ା௨where 1 ≤ u ≤ p − 1, from (3.47), we obtain (3.41). 
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Theorem 3.7. For any prime p with ቀ
ିଶ

௣
ቁ = −1 and 𝑗  any integer such that 1 ≤ 𝑗 ≤ 𝑝 − 1, then for all integers 

𝑛 ≥ 0 and 𝛼 ≥ 0, we have 

𝑏തହ(8𝑛 + 7) ≡ 0 (𝑚𝑜𝑑 16) (3.48) 

෍ 𝑏തହ(8𝑛 + 3)𝑞௡  ≡

ஶ

௡ୀ଴

 12𝜓(𝑞)𝑓ଶ
ଷ (𝑚𝑜𝑑 16) (3.49)

෍ 𝑏തହ(8. 𝑝ଶఈ . 𝑛 + 3. 𝑝ଶఈ)𝑞௡  ≡ 12𝑝ఈ(−1)ఈ.  (௣ିଵ)/ଶ𝜓(𝑞)𝑓ଶ
ଷ

ஶ

௡ୀ଴

(𝑚𝑜𝑑 16) (3.50)

෍ 𝑏തହ(8. 𝑝ଶఈାଵ(𝑝𝑛 + 𝑗) + 3. 𝑝ଶఈାଶ)𝑞௡  ≡

ஶ

௡ୀ଴

 0 (𝑚𝑜𝑑 16) (3.51)

 

Proof.  Setting 𝑟 = 5 in (1.11) and using (2.8) we have 

෍ 𝑏തହ(𝑛)𝑞௡ =
𝑓ସ

ହ

𝑓ଶ
ହ ቆ

𝑓ହ

𝑓ଶ
ହ𝑓ଵ଺

ଶ + 2𝑞
𝑓ସ

ଶ𝑓ଵ଺
ଶ

𝑓ଶ
ହ𝑓

ቇ

ହஶ

௡ୀ଴

(3.52) 

Extracting the term of the form 𝑞ଶ௡ାଵ, dividing throughout by q, we obtain 

෍ 𝑏തହ(𝑛)𝑞௡ = 10

ஶ

௡ୀ଴

𝑓ଶ
଻𝑓ସ

ଵଽ

𝑓ଵ
ଷ଴𝑓଺ + 80

𝑓ଶ
ଵଵ𝑓ସ

଻𝑓ଶ

𝑓ଵ
ଷ଴ + 32𝑞ଶ

𝑓ଶ
ଵହ𝑓ଵ଴

𝑓ଵ
ଷ଴𝑓ସ

ହ  

                         ≡ 10
𝑓ଶ𝑓ଵ

ଶ

𝑓ଶ𝑓ସ

 (𝑚𝑜𝑑 16) 

 Using (2.8) in (3.62), collect the terms of the type q2n+1, we obtain 

෍ 𝑏തହ(4𝑛 + 3)𝑞௡ = 12
𝑓ସ𝑓ଶ

𝑓ଶ

 (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(3.53) 

Extracting the terms that involve 𝑞ଶ௡ାଵ from (3.53) we get (3.48).  

Extracting the terms containing 𝑞ଶ௡ from both sides of (3.53), we have 

෍ 𝑏തହ(8𝑛 + 3)𝑞௡ = 12
𝑓ଶ𝑓ସ

ଶ

𝑓ଵ

 (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

≡ 12 𝜓(𝑞)𝑓ଶ
ଷ (𝑚𝑜𝑑 16) (3.54) 

(3.54) is the α = 0 case of (3.50). Assume (3.50) is valid for some 𝛼 ≥ 0 . Using Lemma 2.5 and Lemma 2.7, we 
have 
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෍ 𝑏തହ(8. 𝑝ଶఈ. 𝑛 + 3. 𝑝ଶఈ)𝑞௡  

ஶ

௡ୀ଴

≡ 12𝑝ఈ(−1)ఈ.  (௣ିଵ)/ଶ  

⎣
⎢
⎢
⎡

෍ 𝑞
௫మା௫

ଶ

௣ିଷ
ଶ

௫ୀ଴

𝑓 ቆ𝑞
௣మା(ଶ௫ାଵ)௣

ଶ ,  𝑞
௣మି(ଶ௬ାଵ)௣

ଶ ቇ + 𝑞
௣మିଵ

଼ 𝜓൫𝑞௣మ
൯

⎦
⎥
⎥
⎤

𝑋 

⎣
⎢
⎢
⎢
⎡

෍ (−1)௞

௣ିଵ

೤సబ

೤ಯ
೛షభ

మ

𝑞୷(୷ାଵ) ෍(−1)௡(2𝑝𝑛 + 2𝑦 + 1)

ஶ

௡ୀ଴

𝑞௣௡(௣௡ାଶ௬ା ) + (−1)
௣ିଵ

ଶ 𝑞
௣మିଵ

ସ
௙

మ೛మ
య

⎦
⎥
⎥
⎥
⎤

(3.55) 

Consider the congruence 

𝑥ଶ + 𝑥

2
+ (𝑦ଶ + 𝑦) = 3

𝑝ଶ − 1

8
 

which is equivalent to 

(2𝑥 + 1)ଶ + 2(2𝑦 + 1)ଶ ≡ 0 (𝑚𝑜𝑑 𝑝) (3.56) 

Since  ቀ
ିଶ

௣
ቁ = −1, the congruence (3.56) has the only solution  𝑥 = 𝑦 =

௣ିଵ

ଶ
.  Extracting the terms that involve 

𝑞௣௡
య൫೛మషభ൯

ఴ  from both sides of (3.55), dividing throughout by 𝑞
య൫೛మషభ൯

ఴ  and replacing 𝑞௣ by q, we obtain 

෍ 𝑏തହ(8. 𝑝ଶఈାଵ. 𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡  ≡ 12

ஶ

௡ୀ଴

𝑝ఈାଵ(−1)(ఈାଵ).  (௣ିଵ)/ଶ𝜓(𝑞௣)𝑓ଶ௣
ଷ  (𝑚𝑜𝑑 16) (3.57) 

By collecting the terms that involve 𝑞௣௡  and replacing 𝑞௣ by q, we obtain 

෍ 𝑏തହ(8. 𝑝ଶఈାଶ. 𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡  ≡ 12

ஶ

௡ୀ଴

𝑝ఈାଵ(−1)(ఈାଵ).  (௣ିଵ)/ଶ𝜓(𝑞)𝑓ଶ
ଷ (𝑚𝑜𝑑 16) 

This shows (3.50) is valid for 𝛼 + 1. By induction, (3.50) is always true.  

Finally extract the terms of the form 𝑞௣௡ା௝  where 1 ≤ 𝑗 ≤ 𝑝 − 11 from (3.57), to obtain (3.51). 

4. Congruence of 𝒃ഥ𝟔(𝒏) 

Theorem 4.1. For all n ≥ 0 we have, 

𝑏ത଺(4𝑛 + 2) ≡ 0 (𝑚𝑜𝑑 16) (4.1) 

𝑏ത଺(16𝑛 + 8) ≡ 0 (𝑚𝑜𝑑 16) (4.2) 

𝑏ത଺(32𝑛 + 12) ≡ 0 (𝑚𝑜𝑑 16) (4.3) 

𝑏ത଺(32𝑛 + 20) ≡ 0 (𝑚𝑜𝑑 16) (4.4) 
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𝑏ത଺(32𝑛 + 28) ≡ 0 (𝑚𝑜𝑑 16) (4.5) 

𝑏ത଺(64𝑛 + 24) ≡ 0 (𝑚𝑜𝑑 16) (4.6) 

𝑏ത଺(64𝑛 + 40) ≡ 0 (𝑚𝑜𝑑 16) (4.7) 

𝑏ത଺(64𝑛 + 56) ≡ 0 (𝑚𝑜𝑑 16) (4.8) 

𝑏ത଺(128𝑛 + 16) ≡ 0 (𝑚𝑜𝑑 16) (4.9) 

𝑏ത଺(128𝑛 + 48) ≡ 0 (𝑚𝑜𝑑 16) (4.10) 

𝑏ത଺(128𝑛 + 70) ≡ 0 (𝑚𝑜𝑑 16) (4.11) 

Proof. Setting r = 6 in (1.8) and employing (2.12), we obtain 

෍ 𝑏ത଺(𝑛)𝑞௡ =
𝑓ସ

଺

𝑓ଶ
଺

ஶ

௡ୀ଴

ቈ
𝑓ସ

ସଶ

𝑓ଶ
ସଶ𝑓ଵଶ + 12𝑞

𝑓ସ
ଷ଴

𝑓ଶ
ଷ଼𝑓ସ + 48𝑞ଶ

𝑓ସ
ଵ଼𝑓ସ

𝑓ଶ
ଷସ + 64𝑞ଷ

𝑓ସ
଺𝑓ଵଶ

𝑓ଶ
ଷ଴ ቉ (4.12) 

Extracting the terms of the form q2n and q2n+1 from (4.12), we obtain 

෍ 𝑏ത଺(2𝑛)𝑞௡ =
𝑓ଶ

ସ଼

𝑓ଵ
ସ଼𝑓ସ

ଵଶ + 48𝑞
𝑓ଶ

ଶସ𝑓ସ
ସ

𝑓ଵ
ସ଴

ஶ

௡ୀ଴

(4.13) 

and

∑ 𝑏ത଺(2𝑛 + 1)𝑞௡ = 12
௙మ

యల

௙భ
రర௙ర

ర + 64𝑞
௙మ

భమ௙ర
భమ

௙భ
యల

ஶ
௡ୀ଴ (4.14) 

Using Lemma 2.10 in (4.13), we have  

෍ 𝑏ത଺(2𝑛)𝑞௡ ≡
𝑓ଶ

ଶସ

𝑓ସ
ଵଶ  (𝑚𝑜𝑑 16) ≡

𝑓ଶ
଼

𝑓ସ
ସ

(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.15) 

Gathering the terms of the form q2n and q2n+1 from (4.15), we obtain 

෍ 𝑏ത଺(4𝑛)𝑞௡ ≡
𝑓ଵ

଼

𝑓ଶ
ସ

(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.16) 

𝑏ത଺(4𝑛 + 2) ≡ 0 (𝑚𝑜𝑑 16) (4.17) 

Using (2.10) in (4.16), we obtain 

෍ 𝑏ത଺(4𝑛)𝑞௡ ≡
1

𝑓ଶ
ସ ቈ

𝑓ଶ𝑓ହ

𝑓ସ
ଶ𝑓ଵ଺

ଶ − 2𝑞
𝑓ଶ𝑓ଵ଺

ଶ

𝑓
቉

ସ

(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴
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≡
𝑓ଶ଴

𝑓ସ
଼𝑓ଵ଺

଼ + 8𝑞
𝑓ଵସ

𝑓ସ
଺𝑓ଵ଺

ସ + 8𝑞ଶ
𝑓଼

𝑓ସ
ସ  (4.18) 

Extracting the terms of the form q2n and q2n+1 from (4.18), we arrive at 

෍ 𝑏ത଺(8𝑛)𝑞௡ ≡
𝑓ସ

ଶ଴

𝑓ଶ
଼𝑓଼ + 8𝑞

𝑓ସ
଼

𝑓ଶ
ସ  (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.19) 

෍ 𝑏ത଺(8𝑛 + 4)𝑞௡ ≡ 8
𝑓ସ

ଵସ

𝑓ଶ
଺𝑓ସ

(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.20) 

Using Lemma 2.10 in (4.20), we have  

෍ 𝑏ത଺(8𝑛 + 4)𝑞௡ ≡ 8𝑓ସ
ଷ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.21) 

Right hand side of (4.21) is a function of q4, collecting the terms that involves q4n+1, q4n+2, and q4n+3, we obtain 
(4.3), (4.4) and (4.5).   

From (4.19), collecting the terms of the form q2n and q2n+1, we have 

෍ 𝑏ത଺(16𝑛)𝑞௡ ≡ 8
𝑓ଶ

ଶ଴

𝑓ଵ
଼𝑓ସ

଼  (𝑚𝑜𝑑 16) ≡
𝑓ଶ

ସ

𝑓ଵ
଼  (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.22) 

෍ 𝑏ത଺(16𝑛 + 8)𝑞௡ ≡ 8𝑓ସ
ଷ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.23) 

Using (2.11) in (4.22), and then gathering the terms of the type q2n and q2n+1, we arrive at 

෍ 𝑏ത଺(32𝑛)𝑞௡ ≡ 8
𝑓ଶ

ସ

𝑓ଵ
଼  (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.24) 

෍ 𝑏ത଺(32𝑛 + 16)𝑞௡ ≡ 8𝑓ସ
ଷ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.25) 

Extracting the terms of the form q4n+1, q4n+2 and q4n+3   from (4.25), we arrive at (4.9), (4.10) and (4.11), 

respectively. (4.6), (4.7) and (4.8) can be obtained on extracting the terms containing q4n+1, q4n+2 and q4n+3 from 

(4.23)  

Corollary 4.2. For all integers 𝑛 ≥ 0  and 𝛼 ≥ 0, we have 

𝑏ത଺(2ହାఈ𝑛) ≡ 𝑏ത଺(16𝑛) (𝑚𝑜𝑑 16) (4.26)

𝑏ത଺(2ଷାఈ(2𝑛 + 1)) ≡ 𝑏ത଺(8𝑛 + 4) (𝑚𝑜𝑑 16) (4.27)
 

Proof. Using (4.22), (4.24) and induction on α ≥ 0, we arrive at (4.26). 

Again, using (4.21), (4.23), (4.25), and induction on α ≥ 0, we arrive at (4.27)  



Journal of Applied and Fundamental Sciences    
   
   
 

 

   
JAFS|ISSN 2395-5554 (Print)|ISSN 2395-5562 (Online)|Vol 10 |December 2025                                          112 

Theorem 4.3. Suppose p ≥ 3 is any prime. Then for all integers n ≥ 0, α ≥ 0 and 1 ≤ u ≤ (p − 1), we have 

෍ 𝑏ത଺(32. 𝑝ଶఈ. 𝑛 + 4. 𝑝ଶఈ)𝑞௡ ≡ 8 𝜓(𝑞)(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.28) 

𝑏ത଺(32. 𝑝ଶఈାଶ. 𝑛 + (4𝑢 + 𝑝). 𝑝ଶఈାଵ) ≡ 0 (𝑚𝑜𝑑 16) (4.29) 

Proof. Collecting the terms of the type q4n from (4.21), we obtain 

෍ 𝑏ത଺(32𝑛 + 4)𝑞௡ ≡ 8 𝜓(𝑞)(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.30) 

which shows (4.28) is true for 𝛼 = 0. We will omit the specific steps because it can be obtained using the same 
logic as the proof of Theorem 3.4. 

Theorem 4.4. If u1 ∈ {44,76}, u2 ∈ {68,132}, u3 ∈ {52,84,116,148}, u4 ∈ {60,92,124,156,188,220}, then for all 
integer n , α, β, γ ≥ 0, we have 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊ𝑛 + 4 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊ൯𝑞௡ ≡ 8 𝑓ଵ
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.31) 

෍ 𝑏଺൫8 ⋅ 3ଶఈାଵ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 4 ⋅ 3ଶఈ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡

ஶ

௡ୀ଴

≡ ቐ8 (𝑚𝑜𝑑 4)     𝑖𝑓   𝑛 =
𝑘(3𝑘 − 1)

2
0  (𝑚𝑜𝑑 4)                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4.32)

෍ 𝑏଺൫32 ⋅ 3ଶఈାଵ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 4 ⋅ 3ଶఈାଶ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡ ≡ 2𝑓ଷ
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.33)

෍ 𝑏଺൫32 ⋅ 3ଶఈାଶ ⋅ 5ଶఉ ⋅ 7ଶఊ𝑛 + 𝑢ଵ ⋅ 3ଶఈାଵ ⋅ 5ଶఉ ⋅ 7ଶఊ൯𝑞௡ ≡ 0(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.34)

෍ 𝑏଺൫32 ⋅ 3ଶఈ. 5ଶఉାଵ. 7ଶఊ𝑛 + 4 ⋅ 3ଶఈ. 5ଶఉାଶ. 7ଶఊ൯𝑞௡ ≡ 2𝑓ହ
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.35)

෍ 𝑏଺൫32 ⋅ 3ଶఈ. 5ଶఉାଶ. 7ଶఊ𝑛 + 4 ⋅ 3ଶఈ. 5ଶఉାଶ. 7ଶఊ൯𝑞௡ ≡ 2𝑓ଵ
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.36)

 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉାଵ. 7ଶఊ𝑛 + 𝑢ଶ ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊ൯𝑞௡ ≡ 0(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.37) 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉାଶ. 7ଶఊ𝑛 + 𝑢ଷ ⋅ 3ଶఈ . 5ଶఉାଵ. 7ଶఊ൯𝑞௡ ≡ 0(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.38) 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଵ𝑛 + 4 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡ ≡ 2𝑓଻
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.39) 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ𝑛 + 4 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ൯𝑞௡ ≡ 2𝑓ଵ
ଷ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.40) 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଶ𝑛 + 𝑢ସ ⋅ 3ଶఈ . 5ଶఉ . 7ଶఊାଵ൯𝑞௡ ≡ 0(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.41) 

Proof. Collecting the terms that include 𝑞ସ௡ from both sides of (4.21) then replacing 𝑞ସ by 𝑞, we have 
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෍ 𝑏ത଺(32𝑛 + 4)𝑞௡ ≡ 8𝑓ଵ
ଷ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

 

which is the 𝛼 = 𝛽 = 𝛾 = 0  case of (4.31). One can apply the same reasoning as in the proof of Theorem.3.5, 

to get the results in Theorem.4.4, so we will skip the detailed steps. 

Theorem 4.5. Suppose p ≥ 0 be any prime with ቀ
ିଶ

௣
ቁ = −1. For all integer𝑛 ≥ 0, 𝛼 ≥ 0, 𝛽 ≥ 0 and 1 ≤ 𝑢 ≤

𝑝 − 1, we have 

෍ 𝑏଺൫32 ⋅ 3ଶఈ . 𝑝ଶఉ. 𝑛 + 4. 3ଶఈ . 𝑝ଶఉ൯𝑞௡ ≡ 8 fଵ𝑓ଶ(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.42) 

෍ 𝑏଺൫32 ⋅ 3ଶఈ. 𝑝ଶఉାଶ. 𝑛 + 4(8𝑢 + 𝑝). 3ଶఈ. 𝑝ଶఉାଵ൯𝑞௡ ≡ 0(𝑚𝑜𝑑16)

ஶ

௡ୀ଴

(4.43) 

Proof. Extracting the terms that involves 𝑞ସ௡ from both sides of (4.21), and replacing 𝑞ସ by 𝑞 and employing 
Lemma 2.10, we obtain 

෍ 𝑏ത଺(32𝑛 + 4)𝑞௡ ≡ 8𝑓ଵ𝑓ଶ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.44) 

which is the case α = β = 0 of (4.42).  Assume (4.42) holds for some positive integer α ≥ 0 and β = 0. 

Employing (2.16) in (4.42) with β = 0 we obtain 

෍ 𝑏ത଺(32. 3ଶఈ  𝑛 + 4. 3ଶఈ)𝑞௡ ≡ 8 (𝑓ଷ − 𝑞𝑓ଽ𝑓ଵ଼) (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.45) 

Collecting the terms that contains q3n+1 from both sides of (4.46), 

෍ 𝑏ത଺(32. 3ଶఈାଵ 𝑛 + 4. 3ଶఈାଶ)𝑞௡ ≡ 8 𝑓ଷ𝑓଺ (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.46) 

Extracting the terms involving 𝑞ଷ௡  from (4.46), we obtain 

෍ 𝑏ത଺(32. 3ଶఈାଶ 𝑛 + 4. 3ଶఈାଶ)𝑞௡ ≡ 8 𝑓ଵ𝑓ଶ (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.47) 

This shows that for α+1 with β = 0, the congruence (4.42) holds. We now assume that for any α ≥ 0 and for some 
β ≥ 0, the congruence (4.42) holds 

Employing Lemma.2.6 in (4.42), we obtain 
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෍ 𝑏ത଺൫32. 3ଶఈାଶ . 𝑝ଶఉ. 𝑛 + 4. 3ଶఈାଶ. 𝑝ଶఉ൯𝑞௡

ஶ

௡ୀ଴

≡ 8 ൦ ෍ (−1)௜

(௣ିଵ)/ଶ

೔సష(೛షభ)/మ  
೔ಯ±(೛షభ)/ల

𝑞൫ଷ௜మା௜൯/ଶ𝑓൫−𝑞൫ଷ௣మା(଺௜ାଵ)௣൯/ଶ, −𝑞൫ଷ௣మି(଺௜ାଵ)௣൯/ଶ൯

+ (−1)
±୮ିଵ

଺ q
୮మିଵ

ଶସ f୮మ൪ ൦ ෍ (−1)௞

(௣ିଵ)/ଶ

ೖసష(೛షభ)/మ  
ೖಯ±(೛షభ)/ల

𝑞൫ଷ௞మା௞൯𝑓൫−𝑞൫ଷ௣మା(଺௞ାଵ)௣൯, −𝑞൫ଷ௣మି(଺௞ାଵ)௣൯൯

+ (−1)
±୮ିଵ

଺ q
୮మିଵ

ଵଶ fଶ୮మ൪ (𝑚𝑜𝑑 16)                                                                                             (4.48) 

 

Consider the congruence 

ቆ
3𝑖ଶ + 𝑖

2
ቇ + (3𝑘ଶ + 𝑘) =

𝑝ଶ − 1

8
 

Which is equivalent to 

(6𝑖 + 1)ଶ + 2 (6𝑘 + 1)ଶ ≡ 0 (𝑚𝑜𝑑 𝑝) 

For ቀ
ିଶ

௣
ቁ = −1,  the above congruence has only the solution 𝑖 = 𝑘 =

±௣ିଵ

଺
. Extracting all the terms of the form 

𝑞௣௡
೛మషభ

ఴ   then dividing by 𝑞
೛మషభ

ఴ  and replacing 𝑞௣  by q, we arrive at 

෍ 𝑏ത଺൫32. 3ଶఈ . 𝑝ଶఉାଵ. 𝑛 + 4. 3ଶఈ . 𝑝ଶఉାଶ൯𝑞௡ ≡ 8 𝑓௣𝑓ଶ௣ (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.49) 

Finally extracting the terms of the form  𝑞௣௡  from (4.49), we arrive at 

෍ 𝑏ത଺൫32. 3ଶఈ  . 𝑝ଶఉାଶ. 𝑛 + 4. 3ଶఈ . 𝑝ଶఉାଶ൯𝑞௡ ≡ 8 𝑓ଵ𝑓ଶ (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.50) 

which implies for β + 1, (4.42) holds. By  induction (4.42) is valid  for every  α ≥ 0 and β ≥ 0 

To prove our next congruence (4.43), we collect all the terms of the form 𝑞௣௡ା௨, where 1 ≤ 𝑢 ≤ 𝑝 − 1 from 

both sides of (4.49). 

Corollary 4.6. For all n ≥ 0 and α ≥ 0, we have 

𝑏ത଺(32. 3ଶఈ. 𝑛 + 68. 3ଶఈ) ≡ 0 (𝑚𝑜𝑑 16) (4.51) 

𝑏ത଺(32. 3ଶఈାଶ. 𝑛 + 4(8𝑗 + 3). 3ଶఈାଵ) ≡ 0 (𝑚𝑜𝑑 16) (4.52) 
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Proof. By extracting the terms that include 𝑞ଷ௡ାଶ from (4.45), we get  

 (4.51) 

Similarly, extracting only those terms that include q3n+j, for j = 1,2 (4.47), we obtain 

෍ 𝑏ത଺(32. 3ଶఈାଵ(3𝑛 + 𝑗) + 4. 3ଶఈାଶ)𝑞௡ ≡ 0 (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.53) 

which yields the congruence (4.52).  

Theorem 4.7. Suppose p ≥ 3 is any prime with ቀ
ିସ

௣
ቁ = −1 and 1 ≤ 𝑣 ≤ 𝑝 − 1,  then all integer 𝑛 ≥ 0 0 and 

𝛼 ≥ 0, we have 

𝑏ത଺(4𝑛 + 3) ≡ 0 (𝑚𝑜𝑑 16) (4.54) 

෍ 𝑏ത଺(8𝑛 + 5)𝑞௡ ≡ 8𝜓(𝑞)𝜓(𝑞ସ)  (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.55) 

෍ 𝑏ത଺(8. 𝑝ଶఈ . 𝑛 + 5. 𝑝ଶఈ)𝑞௡ ≡ 8𝜓(𝑞)𝜓(𝑞ସ) (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.56) 

𝑏ത଺(8. 𝑝ଶఈାଵ(𝑝𝑛 + 𝑣) + 5. 𝑝ଶఈାଶ) ≡ 0 (𝑚𝑜𝑑 16) (4.57) 

Proof. Using (4.14), and employing Lemma 2.10, we obtain 

෍ 𝑏ത଺(2𝑛 + 1)𝑞௡ ≡ 12𝑓ସ
ଶ𝑓ଶ

ଶ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.58) 

Extracting the terms containing 𝑞ଶ௡  and 𝑞ଶ௡ା, replacing q2 by q, we have 

෍ 𝑏ത଺(4𝑛 + 1)𝑞௡ ≡ 12𝑓ଶ
ଶ𝑓ଵ

ଶ(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.59) 

𝑏ത଺(4𝑛 + 3) ≡ 0 (𝑚𝑜𝑑 16) 

Employing (2.8) in (4.59), we have 

෍ 𝑏ത଺(4𝑛 + 1)𝑞௡ ≡ 12𝑓ଶ
ଶ ቆ

𝑓ଶ𝑓ହ

𝑓ସ
ଶ𝑓ଵ଺

ଶ − 2𝑞
𝑓ଶ𝑓ଵ଺

ଶ

𝑓
ቇ (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.60) 

Extract the terms of the type 𝑞ଶ௡ାଵ from (4.60) and replacing q2 by q, we have 

෍ 𝑏ത଺(8𝑛 + 5)𝑞௡ ≡ 8
𝑓ଵ

ଷ𝑓ଶ

𝑓ସ

(𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

≡ 8 𝜓(𝑞)𝜓(𝑞ସ) (𝑚𝑜𝑑 16) 
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which is the α = 0 case (4.56). Assume (4.56) is valid for some integer 𝛼 ≥ 0 , then using Lemma 2.5 in (4.62), 

we have 

෍ 𝑏ത଺(8. 𝑝ଶఈ. 𝑞௡ + 5. 𝑝ଶఈ)𝑞௡ ≡ 8 

⎣
⎢
⎢
⎡

෍ 𝑞
௫మା௫

ଶ

௣ିଷ
ଶ

௫ୀ଴

𝑓 ቆ𝑞
௣మା(ଶ௫ାଵ)௣

ଶ ,  𝑞
௣మି(ଶ௫ାଵ)௣

ଶ ቇ + 𝑞
௣మିଵ

଼ 𝜓൫𝑞௣మ
൯

⎦
⎥
⎥
⎤ஶ

௡ୀ଴

  

 𝑋

⎣
⎢
⎢
⎡

෍ 𝑞ଶ൫௬మା௬൯

௣ିଷ
ଶ

௬ୀ଴

𝑓൫𝑞ଶ൫௣మା(ଶ௬ାଵ)௣൯,  𝑞ଶ൫௣మି(ଶ௬ାଵ)௣൯൯ + 𝑞
௣మିଵ

ଶ 𝜓൫𝑞ସ௣మ
൯

⎦
⎥
⎥
⎤

(4.61) 

Consider the congruence 

𝑥ଶ + 𝑥

2
+ 2(𝑦ଶ + 𝑦) =

5(𝑝ଶ − 1)

8
(4.62) 

(4.62) is equivalent to 

(2𝑥 + 1)ଶ + 4(2𝑦 + 1)ଶ ≡ 0 (𝑚𝑜𝑑 𝑝) 

Since ቀ
ିସ

௣
ቁ = −1 , the above congruence has only the solution 𝑥 = 𝑦 =

௣ିଵ

ଶ
. 

Extracting the terms that involve  𝑞௣௡ା
ఱ൫೛మషభ൯

ఴ , dividing throughout by  𝑞
ఱ൫೛మషభ൯

ఴ  and replacing 𝑞௣ by q, we have 

෍ 𝑏ത଺(8. 𝑝ଶఈାଵ. 𝑛 + 5. 𝑝ଶఈାଶ)𝑞௡ ≡ 8𝜓(𝑞௣)𝜓(𝑞ସ௣) (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

(4.63) 

Again, extracting the terms that involve 𝑞௣௡  from both sides of (4.63) and replacing 𝑞௣ by q, we have 

෍ 𝑏ത଺(8. 𝑝ଶఈାଶ. 𝑛 + 5. 𝑝ଶఈାଶ)𝑞௡ ≡ 8𝜓(𝑞)𝜓(𝑞ସ) (𝑚𝑜𝑑 16)

ஶ

௡ୀ଴

 

Thus, the (4.56) holds for α + 1. This completes the proof of (4.56). 

Finally, extracting the terms that involve 𝑞௣௡ା௩  with 1 ≤ 𝑣 ≤ 𝑝 − 1, we obtain (4.57).  

Theorem 4.8. Suppose p ≥ 5 is any prime with ቀ
ି଼

௣
ቁ = −1 and 1 ≤ 𝑣 ≤ 𝑝 − 1, then for all integers 𝑛 ≥ 0 and 

𝛼 ≥ 0 , we have 

𝑏ത଺(8𝑛 + 7) ≡ 0 (𝑚𝑜𝑑 32) (4.64) 

෍ 𝑏ത଺(8𝑛 + 3)𝑞௡ ≡ 16 𝑓ଵ𝑓  (𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

(4.65) 
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෍ 𝑏ത଺(8. 𝑝ଶఈ. 𝑛 + 3. 𝑝ଶఈ)𝑞௡ ≡ 16 𝑓ଵ𝑓  (𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

(4.66) 

𝑏ത଺(8. 𝑝ଶఈାଵ(𝑝𝑛 + 𝑣) + 3. 𝑝ଶఈାଶ) ≡ 0 (𝑚𝑜𝑑 32) (4.67) 

Proof. Using lemma 2.10 in (4.14), we have 

෍ 𝑏ത଺(2𝑛 + 1)𝑞௡ ≡ 12𝑓ଶ
ସ𝑓ଵ

ସ(𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

(4.68) 

Using (2.9) in (4.71) and collecting terms that are of the type q2n+1 , we have 

෍ 𝑏ത଺(4𝑛 + 3)𝑞௡ ≡ 16𝑓ଶ𝑓ଵ଺(𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

(4.69) 

Extracting the terms that contains q2n and q2n+1 from (4.69), we obtain (4.65) and (4.64) respectively. 

From (4.64), (4.66) is true for 𝛼 = 0. Let (4.66) is valid for some integer 𝛼 ≥ 0. Using Lemma 2.6 in (4.66), we 

obtain 

෍ 𝑏ത଺(8. 𝑝ଶఈ. 𝑛 + 3. 𝑝ଶఈ)𝑞௡

ஶ

௡ୀ଴

≡ 8 ൦ ෍ (−1)௫

(௣ିଵ)/ଶ

ೣసష(೛షభ)/మ  
ೣಯ±(೛షభ)/ల

𝑞൫ଷ௫మା௫൯/ଶ𝑓൫−𝑞൫ଷ௣మା(଺௫ାଵ)௣൯/ଶ, −𝑞൫ଷ௣మି(଺௫ାଵ)௣൯/ଶ൯

+ (−1)
±୮ିଵ

଺ q
୮మିଵ

ଶସ f୮మ൪ ൦ ෍ (−1)௬

(௣ିଵ)/ଶ

೤సష(೛షభ)/మ  
౯ಯ±(೛షభ)/ల

𝑞ସ൫ଷ௬మା௬൯𝑓൫−𝑞ସ൫ଷ௣మା(଺௬ାଵ)௣൯, −𝑞ସ൫ଷ௣మି(଺௬ାଵ)௣൯൯

+ (−1)
±୮ିଵ

଺ q
୮మିଵ

ଷ f଼୮మ൪ (𝑚𝑜𝑑 32)                                                                                                       (4.70) 

Consider the congruence 

3𝑥ଶ + 𝑥

2
+ 4(3𝑦ଶ + 𝑦) =

3(𝑝ଶ − 1)

8
(4.71) 

Which is equivalent to 

(6𝑥 + 1)ଶ + 8(6𝑦 + 1)ଶ ≡ 0 (𝑚𝑜𝑑 𝑝) 

Since ቀ
ି଼

௣
ቁ = −1, the above congruence has the only solution 𝑥 = 𝑦 =

±௣ିଵ

଺
. 
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Extracting the terms that involve 𝑞௣௡ା
య൫೛మషభ൯

ఴ  from both sides of (4.70) and replacing 𝑞௣  by q, we arrive at 

෍ 𝑏ത଺(8. 𝑝ଶఈାଵ. 𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡ ≡ 16 𝑓௣𝑓 ௣ (𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

(4.72) 

Similarly, extracting the terms that involve 𝑞௣௡  from both sides of (4.72) and then replacing 𝑞௣ by q, we obtain 

෍ 𝑏ത଺(8. 𝑝ଶఈାଵ. 𝑛 + 3. 𝑝ଶఈାଶ)𝑞௡ ≡ 16 𝑓ଵ𝑓  (𝑚𝑜𝑑 32)

ஶ

௡ୀ଴

 

Thus, (4.66) is valid for 𝛼 + 1. Therefore, by induction the (4.66) is valid for all integer 𝛼 ≥ 0 

Finally, extracting the terms 𝑞௣௡ା௩, 1 ≤ 𝑣 ≤ 𝑝 − 1 from both sides of (4.72), we obtain (4.67) 
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