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Abstract: In this paper we introduce the notion of fuzzy soft numbers. Here defined fuzzy soft number and
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1. Introduction:

In 2003, Maji et al. [1-3] studied the theory of soft set initiated by Molodtsov [4] and developed several basic
notions of soft set theory. They also applied soft set theory in decision making (see [5]) and solving problems in
medical, economics, engineering, etc.

In the year 1965, Zadeh [6] introduced the concept of fuzzy set theory and its applications can be found in
many branches of mathematical and engineering sciences including management science, control engineering,
computer science, artificial intelligence. In 1970, firstly introduced concept of fuzzy number. The theory of
fuzzy number has a number of applications such as fuzzy topology, fuzzy analysis, fuzzy logic and fuzzy decision
making, algebraic structures, etc. But fuzzy soft number are not developed several directions. In 2012, Das et
al. 97.,8] introduced important part of soft set theory, which are notion of soft real sets, soft real numbers, soft
complex numbers and some of their basic properties. Also Das et al. [9] introduced a notion of soft metric and
some basic properties of soft metric space.

In this paper, we study notion of fuzzy soft number. In Section 2, some preliminary results are given. In
Section 3, study Convex and concave fuzzy soft sets and some of their properties. After this, we study the notion
of fuzzy soft numbers and some of basic properties. In Section 4, introduce Hausdorff distance, Fuzzy soft metric
space, convergence sequence, Cauchy sequence, Continuity and uniform continuity of fuzzy soft number.

2. Preliminary Results:

In this section we recall some basic concepts and definitions regarding fuzzy soft sets, fuzzy soft topology and
fuzzy soft mapping.

Definition 2.1 [3] Let U be an initial universe and F be a set of parameters. Let P (U) denote the power set
of U and A be a non-empty subset of F. Then F4 is called a fuzzy soft set over U where ' : A — ]5(U)is a
mapping from A into P(U).

Definition 2.2 [4] Fg is called a soft set over U if and only if F' is a mapping of F into the set of all subsets of
the set U. In other words, the soft set is a parameterized family of subsets of the set U. Every set F'(¢), eEF, from
this family may be considered as the set of e-element of the soft set F'r or as the set of e-approximate elements of
the soft set.

Definition 2.3 [10] Let X be a universe and FE a set of attributes. Then the collection of all fuzzy soft sets over
U with attributes from FE is called a fuzzy soft class and is denoted by (X, E).

Definition 2.4 [11] Let (U, E) and (V, E’) be classes of hesitant fuzzy soft sets over U and V' with attributes
from FE and E’ respectively. Letp : U — V and ¢ : E — E’ be mappings. Then a hesitant fuzzy soft mappings
f=(,q : (U, E)— (V,E’) is defined as follows;
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For a hesitant fuzzy soft set F'4 in (U, E), f(F4) is a hesitant fuzzy soft set in (V, E’) obtained as follows: for
BE(E)CE' and Y€V,
FFA)(B)(y) = U (@) s
a€q=1(B)NA,s€p~1(y)

f(Fa) is called a hesitant fuzzy soft image of a hesitant fuzzy soft set Fis. Hence (Fa, f(Fa))€f, where
FAC(U, E), f(Fa)S(V, E).

Definition 2.5 [11] Let f = (p,q) : (U, E) — (V, E’) be a hesitant fuzzy soft mapping and G, a hesitant
fuzzy soft setin (V, £'), wherep : U — V,q: E — E"and BCE'. Then f~Y(Gp) is a hesitant fuzzy soft set
in (U, E) defined as follows: for «€q~1(B)CE and z€U,

FHGEB)(@)(2) = (a(e)) ttp(a)

f~1(Gp) is called a hesitant fuzzy soft inverse image of G .
Definition 2.6 [12] A fuzzy soft topology 7 on (U, E) is a family of fuzzy soft sets over (U, F) satisfying the
following properties

(i) ¢, EET

(ii) if Fy, Gg€T, then F4NGpéET.

(i) if Fa, €7 for all €A an index set, then | J, o Fa, €.

Definition 2.7 [12] If 7 is a fuzzy soft topology on (U, E), the triple (U, E, 7) is said to be a fuzzy soft
topological space. Also each member of 7 is called a fuzzy soft open set in (U, E, 7).

Definition 2.8 [13] Let (U, E, 7) be a fuzzy soft topological space. Let F4 be a fuzzy soft set over (U, E).
The fuzzy soft closure of F'4 is defined as the intersection of all fuzzy soft closed sets which contained F'4 and is
denoted by F4 or cl(F4) we write

c(Fa) = ﬂ{GB : G p is fuzzy soft closed and F4CGp}.

Definition 2.9 [14] Let (U, E) and (V, E’) be classes of fuzzy soft sets over U and V' with attributes from F
and E’ respectively. Letp : U — V and ¢ : E — E’ be two mappings. Then f = (p,q) : (U, E) — (V, E’)
is called a fuzzy soft mappings from (U, E) to (V, E").

If p and ¢ is injective then the fuzzy soft mapping f = (p, ¢) is said to be injective.
If p and ¢ is surjective then the fuzzy soft mapping f = (p, q) is said to be surjective.
If p and ¢ is constant then the fuzzy soft mapping f = (p, ¢) is said to be constant.

Definition 2.10 [15] Let (U, E, 1) and (U, E, 72) be two fuzzy soft topological spaces.

(i) A fuzzy soft mapping f = (p,q) : (U, E,71) — (U, E, 72) is called fuzzy soft continuous if f ~!(G )€, VGRET.

(i) A fuzzy softmapping f = (p,q) : (U, E,71) — (U, E, 2) is called fuzzy soft open if f(Fa)Era, VFAET].

Definition 2.11 [16] Let (U, E, 1) and (U, E, 72) be two soft topological space. Then a soft multifunction
f:(UE, 1) — (U, E, 12) is said to be

(i) soft upper semi continuous at a soft point e;(Fa)€(U, E)if for every soft open set Gp&(V, E) such that
f(ei(Fa))CGp, there exists a soft semi open neighborhood H 4 of e;(F4) such that f(e;(Ha))CGp,
Vf(ei(HA))éHA

(ii) soft lower semi continuous at a soft point e;(F4)€(U, E)if for every soft open set Gp€(V, E) such that
f(ei(Fa))NGp#g, there exists a soft semi open neighborhood H 4 of e;(F4) such that f(e;(Ha))NG g#¢,
Vf(ei(Ha))EHA

(iii) soft upper(lower) semi continuous if f has this property at every soft point of (U, E).

3. Fuzzy soft numbers:

Definition 3.1 Let Fy = {F(e;) = (he, fipe,)(he)); €Ut = 1,2,..m;i = 1,2, ...,n} be a fuzzy soft set
in (U, E). Now convert object sets h; are integers namely h; = 4,7 = 1,2, ...,n. Then F}y is called convex fuzzy
soft set if and only if membership function up(.,) satisfies following conditions:
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(i) each parameter e; of Fla, tp(e,)(Ah1 + (1 — X).ha) > min{ppe,)(h1), tpee,)(h2)}
where A€[0, 1]. and hy, ho€R.

(i) MﬂiF(ei)()\-hl + (1= X).ho) > min{umip(ei)(hl), /”‘ﬂiF(ei)<h2)} where )\é[O, 1]. and hq, ho€R.

Otherwise it is non-convex fuzzy soft set.
Example 3.2 Let

PA = {P(el) = {(h170.1), (hg, 0.6)7 (hg, 1.0), (h470.8), (h5,02)}
P(GQ) - {(hla 03)7 (h27 09)7 (h3a 10)3 (h47 07)7 (h5a 02)}}

Therefore P4 be a convex fuzzy soft set.

Theorem 3.3 If F'4 and G 4 are convex fuzzy soft sets then F)4NG 4 is convex fuzzy soft set.

Proof. Let F4 and G 4 are convex fuzzy soft sets in (U, E). Let hq, ho €U and e1, e2€ E. Now convert objects
h1, ho are integers namely 1,2. Therefore

/’LF(elﬁez)()"hl + (1 - A)hQ) > min{uF(elﬁeg)(h1)7:U’F(elﬁeg)(hQ)}
and

B (eries) (A1 4 (1= A).ha) > min{pg e, Aey) (h1)s e fes) (h2) }s

where A€[0, 1] and hq, ho€R.
Now

LF (e1Aes)AG (er fen) (AP + (1 — A)h2)

= WP (erfien) APt + (1= A)h2) g es fey) (B + (1 = A).ha)

> min{fp(e, mey) (71)s 1E () Aea) (P2) IO MIN{ 16 (e, Aea) (71)s B ey es) (h2) }

> Min{/ip (e, Aey)AG (1 fen) (1) P (e1Aen) G (1 Fez) (h2) } Where AE[0, 1] and iy, ho €R.

Hence proved.

Theorem 3.4 If F)y and G4 are convex fuzzy soft sets and F’ "4 CG 4 then F4UG 4 and FaNG 4 are convex
fuzzy soft set.

Proof. Proof of the results are obvious.

Theorem 3.5 The union of any family of convex fuzzy soft sets is not necessarily a convex fuzzy soft set.

Proof. The proof is straightforward.

Definition 3.6 Let Fy = {F(e;) = (hs, fip(e,)(he)); e €Ut = 1,2,..m;i = 1,2, ...,n} be a fuzzy soft set
in (U, E). Then F is called concave fuzzy soft set if and only if membership function jip (., satisfies following
conditions:

(1) each parameter e; of F4,
fr(e,)(Ah1 + (1= X).he) < max{pipe,)(h1), ftre,)(he)} where A€[0,1] and hy, ho€R.

(i) MﬂiF(ei)()\-hl +(1=X).he) < max{,umip(ei)(hl), /’(‘ﬂiF(ei)(hQ)} where )\é[O, 1]. and hq, ho€R.

Otherwise it is non-concave fuzzy soft set.
Example 3.7 Let

NA = {N(el) = {(hl, 0.9)7 (hg, 0.4), (hg, 0.0)7 (h47 0.2), (h5, 08)}
N(QQ) = {(hla 07)7 (h27 01)7 (h37 00)) (h47 03)3 (h5a 08)}}
Therefore N4 be a concave fuzzy soft set.
Proposition 3.8 If F'4 and G 4 are concave fuzzy soft sets. F4NG 4 and F4UG 4 are concave fuzzy soft sets.

Proof. Let F4 and G 4 are concave fuzzy soft sets in (U, F). Let hy, ho€U and e, e2€ E. Now convert objects
h1, ho are integers namely 1,2. Therefore

/’LF(ClﬁCQ)(A'hl + (1 - /\)hQ) < max{:uF(elﬁeg)(hl)),uF(elﬁez)(hQ)}
and

BGeries) (A1 + (1 = A).ha) < max{fig (e, Aes) (P1);s Ba(eifes) (h2)}
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where A€[0, 1] and hq, hoER.
Now

HF (e1e2)AG (e1Mez) (A1 + (1 — A)ha)

= [ip(erfren) (A1 + (1= X).h) Vi (ey ey (A1 + (1 = X).ha)

< max{fip(e,Aes) (1) p(erfies) (h2) N Max{ i (e fey) (71); B (erfres) (h2) }

< MaX{ 1 p (e Aea)AG (erfes) (M1)s BE(erPes)AG (erfies) (R2) } Where AE[0, 1] and hy, ho€R.
Hence F4NG 4 be a concave fuzzy soft sets.
Similarly we prove that F)4UG 4 be a concave fuzzy soft set.

Proposition 3.9 Let F'4 be a convex fuzzy soft set then FE be a concave fuzzy soft sets.
Proof. Let F4 be a convex fuzzy soft set. Then

(i) each parameter e; of Fa, pip(e,)(Ah1 + (1 = A).ha) > min{ppe,)(h1), pre)(h2)}
where AE€[0, 1]. and hy, ho€R.

(i) e pien) Ao+ (1= )\)~h22 > min{pn, pe;)(P1), o, Fesy (he)}
where A\€[0,1] and hq, hoER.

Now, (i) Each parameter e; of F§,

pre ey (Ahy + (1 = A).ha)

=1 ppeny (Wb + (1= A)hy)

<1 —min{ppe,)(h1), tre,)(h2)}
<max{l — pp(e,)(h1), 1 — pipe;)(h2)}
<max{ppce,)(h1), pre (e, (ha)},

where A€[0,1]. and hq, hoER.
(ii) Similarly we prove that

tie, 7 (e;) (A-ht + (1 = A).he) < max{un, pe(e,)(h1), tin, Fe (e, (h2)}

Hence F'{ be a concave fuzzy soft sets.

Proposition 3.10 If F4 and G4 are convex and concave fuzzy soft set, respectively and FACG 4. Then
F,UG 4 and F4NG 4 are concave and convex fuzzy soft set, respectively.

Proof. Since F4CG 4, therefore we have

FAUGA = Gy,

which is concave fuzzy soft set. Then F)4NG 4 is a convex fuzzy soft set.
Definition 3.11 A fuzzy soft set Fy = {F(e;) = (ht, pip(e,)(he)); €Ut = 1,2,..m5i = 1,2,...,n} is
called a normalized fuzzy soft set if it satisfied following two conditions:
(i) there is at least one point h; €U with p1p(c,)(hs) = 1 for each e;.
(ii) there is at least one point 1y, €U with fup(n,(e,))(he) = 1 for Ni(e;).

Otherwise it is non-normalized.
Example 3.12 Let

KA = {K(el) = {(h1,0.2), (hg, 1.0), (h3,0.3)},
K(es) = {(h1,0.1), (ha, 1.0), (h3,0.2)}}.

Therefore K 4 is a normalized fuzzy soft set.
Definition 3.13 A fuzzy soft set Fy = {F(e;) = (ht, pir(e,)(he)); €Ut = 1,2,..m;i = 1,2,...,n} is a
fuzzy soft number if its membership functions pp(,) is

(1) fuzzy soft convex;

JAFS|ISSN 2395-5554 (Print)|[ISSN 2395-5562 (Online)| Vol 7(2)|December 2021 103



Journal of Applied and Fundamental Sciences

(ii) fuzzy soft normalized;
(iii) fuzzy soft upper semi-continuous.
(iv) cl{h¢; pip(e)(he) > 0} is fuzzy soft compact.

Proposition 3.14 Fuzzy soft numbers always normalized at same object of each parameters.
Proof. Suppose F4 be a fuzzy soft number normalized at two objects hy and h3 of parameters e; and eg
respectively. Therefore

LF(e1fes) (P2) 7 1and pip (e, Aey) (R3) # 1.

Therefore F4 is not a fuzzy soft number.
Hence Fuzzy soft numbers always normalized at same object of each parameters.

Proposition 3.15 Complement of fuzzy soft numbers is a concave fuzzy soft sets.

Proof. Follows from the Proposition 3.9.

Definition 3.16 Let Iy = {F(e;) = (he, ppe,)(he)); he€Ust = 1,2,..0m54 = 1,2,...,n} and G4 =
{G(ei) = (he, paey)(he)); €Ut = 1,2,..m;i = 1,2,...,n} are two fuzzy soft numbers. Here we denote
ur and pe are grade membership of objects of fuzzy soft sets F4 and G 4 respectively. Then four arithmetic
operations for fuzzy soft numbers are defined as follows:

Fort=1,2,....m

(i) FatGa={F(e;)+G(e)} = {(he; ur + e — pr-pc)}-
(i) Fa—Ga = {F(e:))~G(ei)} = {(he, pr-pc)}-

(i) FaxGa = {F(e)%Glen)} = { (b, s )}

() FaiGa = {P(e)2G (e} = { (b matiiney ) -
Example 3.17 Let
FA = {F(@l) = {(hlv 00), (hg, 06), (hg, ].0), (h4, 08), (h57 01)},
F(@Q) = {(hl, 01), (hg, 07), (hg, 10)7 (}147 08), (h5, OO)}}

and

Ga ={G(e1) = {(h1,0.1), (ha,0.8), (hs, 1.0), (hg,0.6), (hs,0.0)},
G(eg) = {(hl, 0.3), (hg, 0.9), (h3, 1.0), (h47 0.8), (h5, 02)}}
are two fuzzy soft numbers. Then

(i) FA+GA = {e1 = {(h1,0.10), (h2,0.92), (h3, 1.00), (h4,0.92), (hs,0.10)},
= {(h1,0.37), (h2,0.97), (h3, 1.00), (hy, 0.96), (hs,0.10) }}

), ), ),

(h (h (h
(i) Fa=Ga = {e1 = {(h1,0.00), (hs,0.48), (h3,1.00), (h4, 0.48), (hs,0.00)},
es = {(h1,0.03), (hs,0.63), (hs, 1.00), (hy, 0.64), (hs, 0.00)}}
) ) )
(h (h (h
) ) )

(111) FAXGA = {61 = {(th 00 (hg,o 60 <h37 1.00 (h4,0 60 (h5,0.00)},
= {(h1,0.10), (h2,0.70), 5,0. 00)}}

(iv) FA GA_{e1 _{(h1,0 00), (hs,0.75), (hs, 1.00 (h4,100) (h571.00)},

3,1.00), (h4,0.80),

Proposition 3.18 If membership value of same objects of both soft numbers are zero, then multiplication and
division operations of that soft numbers are undefined.

Proof. Follows from definition.

Proposition 3.19 Let F4 and G 4 are two fuzzy soft numbers, then F4+G 4, F4—G 4 and F4 xG 4 are also
fuzzy soft numbers.

Proof. Let Fy = {F(e;) = (he, ptp(e,)(he))} and G4 = {G(es) = (he, e,y (he))} are two fuzzy soft
numbers. Therefore

Fat+Ga = {F(e;)+G(e)} = {(he, ur + pc — pr-ne)}
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and
Fa=Ga = {F(e;)=G(e;)} = {(he, pr-pc)}-

Since membership functions pr and pg are convex and normalized. Therefore ur + pg — pr.-pig and pr.pug
are convex and normalized. Also pur + pug — pr-pug and pp.pe are upper semi-continuous and closure of that
values(> 0) are fuzzy soft compact. Hence F' AFGa, Fa—G 4 are fuzzy soft numbers.

Now Consider F 4 X G 4. Since

Fira = trepscien) = { (ot )]

Case 1: If F4CG 4,then F4xG 4 = {(h¢, ur)} = Fa.
Case 2: If GACFy then FAxGa = {(hy, pc)} = Ga.
Case 3: If F4 = Ga,then FyxG g = G4 = Fy.
Hence F4 xG 4 is fuzzy soft number.
Proposition 3.20 Let 'y and G 4 are two fuzzy soft numbers, then

(i) Fa+Ga = Ga+Fa.
(i) FAxGq = GaxFy.
(iii) Fat¢ = Fa.

(iv) FaXE = Fj4.

(V) Faxd = o.
(Vi) ¢TF4 = o
(vii) Fas¢=FE

(vili) Fu~F4 = E.

Proof. Proof of the results are obvious.
Proposition 3.21 Let F'4, G4 and H 4 are three fuzzy soft numbers, then

() (Fa+Ga)+Ha = Fa+(Gat+Hy).
(i) (FAXGA)XHa = Fa%(GaXH.).

(iii) Fa+(GaUHA) = (FA+GA)U(Fa+Ha).
(iv) Fa+(GaNH) = (FA+GA)N(Fa+Ha).
(V) Fa=(GaOHA) = (FA=Ga)A(Fa=Hz).
(Vi) FaZ(GaPHA) = (FA=Ga)O(Fa"Hz).
Vi) (GaOHA)=Fa = (G4~ Fa)O(Hao~Fy).
(vii)) (GANHA)=Fa = (Ga—Fa)N(Ha~Fa).
(%) FaX(GaOHA) = (FaXGa)O(FaX Ha).
(x) Fax(GaNHa) = (FaxGa)(FaxHa).
(i) Fai(GaOHA) = (FA2Ga)A(FaZiHy).
(Xil) Fai(GaMHA) = (FaSGa)O(FaiH.y).
(xii)) (GAOHA)EFA = (G5 Fa)O(HaAZFy).
(xiv) (GaAHA)EFA = (GAZFA)A(HAZFy).
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Proof. Proof of the results are obvious.
4. Hausdorff distance between two fuzzy soft numbers:

Definition 4.1 Let F'4 and G 4 are two fuzzy soft numbers. The Hausdorff distance between F4 and G 4 is
defined as

d(Fa, Ga) = max{| (e (he) = e (he) 1},
where: =1,2,....n;t =1,2,.....m.
Example 4.2 From Example 3.17
d(FA7GA) = max{| 0.0-0.1],]0.6—-0.8],/]1.0-1.0],/] 0.8 —0.6 |,| 0.0 — 0.0 |}
= max{0.1,0.2,0.0,0.2,0.0} = 0.2
Definition 4.3 Consider a fuzzy soft point e;(F4); (i = 1,2,..n) in a soft number F4 and G 4 be any fuzzy
soft number. The Hausdorff distance between soft point and G 4 is defined by

d(ei(Fa),Ga) = max{| pie,(ry) (he) = LG (e (he) |},
where: = 1,2,....n;t =1,2,.....m.
Example 4.4 From Example 3.17 and consider a soft point e1 (F4) in a soft number F4 as
e1(Fa) = {(h1,0.0), (ha,0.6), (hs,1.0), (hg,0.8), (hs5,0.1)}.

Therefore

d(e1(Fa), Fa) = max{| 0.0—0.0],] 0.6 — 0.6 |,] 1.0— 1.0 |,| 0.8 — 0.8 |,| 0.1 — 0.0 |}
= max{0.0,0.0,0.0,0.0,0.1} = 0.1

and

d(e1(F4),G) = max{|0.0—0.1],] 0.6—0.8|,[ 1.0—1.0],] 0.8 — 0.6 |,| 0.1 — 0.0 |}
= max{0.1,0.2,0.0,0.2,0.1} = 0.2.

Proposition 4.5 Distance between soft number and complement of soft number always one.
Proof. Consider the fuzzy soft number F'4. Therefore

J(FA,FE) =max{] 0.0-0.91,]0.6—-0.31],/]1.0-0.0],]0.8—0.2|,] 0.0—0.9 |}
= max{0.9,0.3,1.0,0.6,0.9} = 1.0.
Theorem 4.6 If L 4, M 4, N 4 are three fuzzy soft numbers and L ACMACH 4. Then
(i) d(La, Mo)<d(La,Hpy).
(i) d(My, Hz)<d(La, Hy).
Proof. Consider
L ={L(e1) = {(h1,0.2), (ha,0.8), (hs, 1.0), (h4,0.7), (hs,0.1)},
L(e2) = {(h17 03)3 (hQa 09)’ (h?n 10)7 (h'47 07)7 (h57 02)}}7

MA = {M(e ) = {(hl,O.l), (hg, 0.8)7 (h3, 1.0), (h470.6), (h5,00)}
M(ez) = {(h1,0.1), (h2,0.7), (h3,1.0), (h4,0.7), (h5,0.0)} }

and

HA = {H(El) = {(hl, 01)7 (hg, 07), (hg7 10), (h4, 06), (h5, OO)}
H(ez) = {(h1,0.0), (ha,0.7), (h3,1.0), (hg,0.7), (hs5,0.0) } }.
Therefore
d(La,Ma)=0.1;d(La, Ha) = 0.2;d(Ma, Hy) = 0.1.

Hence d(L s, MA)<d(L,H,) and d(Ma, Ha)<d(L s, H,). )
Definition 4.7 Let Iy be a fuzzy soft number over (U, E). A mapping d : (U, E) x (U, E) — [0,1] is said
to be a fuzzy soft metric of soft numbers over (U, E), if d satisfies the following conditions:
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(i) d(Fa,GA)>0,YFa,GAE(U, E),

(ii) d(Fa,Ga) =0+ F4=Ga,

I( ) = d(Ga, Fa),

(iv) d(Fa,Ga)<d(Fa,Ga)+d(Ga, Ha).

(iii) d(Fa,Ga

Then the triple (U, E, &) is called a fuzzy soft metric space.
Definition 4.8 Let (U, E, d) be a fuzzy soft metric space. Then the diameter of soft number F4 is denoted by

5(Fa) = max{d(e;(Fa),e;(Fa))}; for eache;,e;EF4.

Proposition 4.9 Diameter of each fuzzy soft point number is always zero.

Proof. We know that distance between each fuzzy soft point is zero. Therefore maximum distance between
each soft point is also zero. Hence proved the result.

Theorem 4.10 If F4CG 4 of (U, E), then 6(F4)<5(G4).

Proof. Since F4CG 4, therefore we have

ei(FA)éei(GA), ej(FA)éej(GA),Vei, ejéFA, Ga.
Now
d(Fa) = max{d(ei(Fa), ej(Fa))}< max{d(ei(Ga),e;(Ga))} <d(G.a)

for each e;, e;€Fa, G a. This completes the proof.
Theorem 4.11 Let Fy, G4€(U, E) and FANG 7. Then §(F40G 4)<6(Fa)+6(G4).
Proof. Follows from definition.
Definition 4.12 Let (U, E, d) be a fuzzy soft metric space and F4&(U, E). Then for any r&(0, 1), the set

S (Fa) = {GAE(U,E) : d(Fs,G4)<r}

is called a fuzzy soft open sphere of radius '’ centered at F4.
Definition 4.13 Let (U, F, d) be a fuzzy soft metric space and F4€(U, E). Then for any r€(0, 1), the set

ST[FA] = {GAé(U, E) . J(FA,GA)ér}

is called fuzzy soft closed sphere of radius 'r’ centered at F4.
Definition 4.14 Let (U, E, d) be a fuzzy soft metric space and F4€(U, E). A sub class (V' , F') of (U, E) is

V' F)

called a fuzzy soft neighborhood of a soft number F4€(U, E), we denoted as N 1(«“A , if there exists an open

sphere of fuzzy soft number S,.(F) center at F4 and contained in (V', F). i.e. S, (FA)QNS; ) for some
ré(0,1).

Definition 4.15 A sub class (V', F') of a fuzzy soft metric space (U, E, d) is said to be open in (U, E, d), if
(V', F) is a fuzzy soft neighborhood of each of its soft numbers. i.e.if for each F4&(V', F), there is an r&(0, 1)
such that S,.(FA)C(V', F).

Definition 4.16 Let {(F4),} be a sequence of fuzzy soft numbers in a fuzzy soft metric space (U, E, d).
The sequence {(Fa),} is said to converge in (U, E, d) if there a fuzzy soft number F', in (U, E) such that
A((Fa)n, F)y)=0 as n=300.

That is for every £ >0 there exists a positive integer m such that

d((Fa)n, Fy)<e, Y0 > m.

It is denoted as lim,, o0 (Fl4)n = Fj4.
Definition 4.17 Let {(F4),,} be a sequence of fuzzy soft numbers in a fuzzy soft metric space (U, E, d). Then
{(Fa)n} is said to be bounded, there exists a positive number S& (0, 1] such that d((Fa)n, (Fa)m)<8,¥n, még.
Definition 4.18 Let {(F4),,} be a sequence of fuzzy soft numbers in a fuzzy soft metric space (U, E, d). Then
{(Fa)n} is said to be Cauchy sequence of fuzzy soft numbers if for a positive number >0 there exists a positive
integer 3, such that

A((Fa)n, (Fa)m)<e,Vn,m>Bi.e. d((Fa)n, (Fa)m)=0 as n, m=o0.
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Theorem 4.19 Every convergent sequence in a fuzzy soft numbers is Cauchy sequence and every Cauchy
sequence of fuzzy soft numbers is bounded.

Proof. Let {(F4),} be a sequence of fuzzy soft numbers in a fuzzy soft metric space (U, E, d).Let {(Fa),}
converges to FA.For every £>0 there exists a positive integer /3 such that

d((Fa)ns FY)Z5, V> B.
Then for all m,n > (3, we have
d((Fa)n, (Fa)m)Sd((Fa)n, Fa) + d(Fi, (Fa)m)<

Hence {(F4),} is a Cauchy sequence.
Let {(Fa)n} is a Cauchy sequence of fuzzy soft number. Therefore

d((FA)n, (Fa)m)<e€(0,1]

Hence {(F'4),} is bounded. .

Definition 4.20 A fuzzy soft numbers metric space (U, E, d) is called complete fuzzy soft metric space if
every Cauchy sequence of fuzzy soft numbers in (U, F) converges to some fuzzy soft number in (U, E).

Definition 4.21 Let (U, E) and (V, E’) be classes of fuzzy soft numbers over U and V' with attributes from
Eand E', respectively. Let p : U — V uniformly one-one onto and ¢ : £ — E' be any mapping. Then
f=(p,q): (U E) —s (V,E") is a fuzzy soft numbers mapping.

Example 422 LetU = {hl, hQ, h37 h,47 h5} and V = {kl, kQ, ]{537 k4, k5}, E = {61, €2, 63}7 B = {6/1, 6/2}
and (U, E), (V, E") classes of fuzzy soft numbers. Let p(h1) = k1, p(ha) = k2, p(hs) = ks, p(ha) = ka,p(hs) =

ks and g(eq) = €5, q(e2) = €], g(es) = €. Let us consider a fuzzy soft number H 4 in (U, E) as

Hj = {H(e1) = {(h1,0.0), (ha,0.6), (hs, 1.0), (h4,0.8), (hs,0.1)},
H(ey) = {(h1,0.1), (h2,0.7), (h3,1.0), (h4,0.8), (hs,0.0)},
H(e3) = {(hlv 03)3 (hQa 09)7 (h37 10)7 (h47 07)7 (h5, 02)}}

Then the fuzzy soft number image of H4 under f = (p,q) : (U, E) — (V, E’) is obtained as

FUHAYED () = U ()it
aéq_l(e’l)ﬂA,sép_l(kl)
= U (a)ﬂs
a&{ez},s€{h1}
= (eQ)Mfu = {01}
F(Ha)(ey)(ke) = U (@)ps

aq—1(ef)NA,sEp~1(k2)

U (ons

a&{ex},s€{h2}
= (62)/1}12 = {07}

By similar calculations we get

f(HA) = {6/1 = {(kla 01)7 (k2>0'7)a (k3a 10)7 (k470~8)a (kf’)a 00)}7
e = {(k1,0.3), (k2,0.9), (k3, 1.0), (ks,0.8), (ks,0.2) } }.

Again consider a fuzzy soft number Hj in (V, E) as

Hp = {¢| = {(k1,0.2), (k2,0.8), (k3,1.0), (k4,0.7), (k5,0.1)},
6/2 = {(kl,O.l), (]62, 0.6), (k‘g, 1.0), (k4,0.7), (k‘5, 00)}
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Therefore
FH(HE)(en)(h) = (aler))ppen,) = (eb)px, = {0.1}.

By similar calculations, we get
f_l(H;B) = {61 = {(hlv Ol)a (hQa 06)7 (h37 10)7 (h47 07)7 (h57 00)}

€y = {(hl, 02), (hg, 08), (hg, 10)7 (h4, 08), (h5, 00)}
e3 = {(h1,0.1), (ha,0.6), (h3, 1.0), (h4,0.7), (hs5,0.0)}}.

Proposition 4.23 Let (U, F) and (V, E”) be classes of fuzzy soft numbers. Let p : U — V be not uniformly

7

one-one onto and ¢ : E — E be mapping. Then f = (p,q) : (U, E) — (V, El) is not a fuzzy soft numbers
mapping.

Proof. From Example 4.22, here we consider p(h1) = ks, p(ha) = ks, p(hs) = k1,p(hq) = ko, p(hs) = kq.
Then the image of H4 under f = (p,q) : (U, E) — (V, E’) is obtained as

f(Ha)(e)(kr) = U (@)ps

a&q1(e})NA,sEp~1(k1)

U (@

a&{ez},s€{hs}
= (eQ)ﬂhS = {10}

Similar we get

f(HA) = {6/1 = {(kla 10)7 (k2>0'8)a (k3a 01)7 (k4,0.0), (k57 07)}»
6/2 = {(kh 10), (kz, 08), (/{37 03), (k4, 02)7 (k57 09)}

which is not a fuzzy soft numbers. This complete the proof.

Definition 4.24 A fuzzy soft number mapping f = (p,q) : (U, E) — (V, E’) is said to be a one-one and
ontoifq: £ — E' be a one-one onto.

Theorem 4.25 Suppose a fuzzy soft number mapping f = (p,q) : (U, E) — (V,E’) is one-one onto of
two fuzzy soft metric spaces (U, £, dy)and (V, E', dy). If F and G 4 are two fuzzy soft numbers of (U, E), then
di(Fa,Ga) = da2(f(Fa), f(Ga)).

Proof. Since f is one-one onto. Therefore p and ¢ are also one-one onto. Therefore

Br(en) (he) = gy ned) ()

and
panien) (he) = @) nien) (he)

forall Fy,GA€(U,E).
Hence, di(Fa,Ga) = da(f(Fa), f(Ga)). o

Definition 4.26 Let (U, E,d;) and (V, E ,d2) be any two fuzzy soft metric spaces. A fuzzy soft number
function (or mapping) f : (U, E) — (V, E) is said to be fuzzy soft continuous at F', of (U, E), if for given >0
there exists a 6>0, such that dy(f(Fa), f(F))<e, whenever d (Fa, F',)<6.
i.e., for each fuzzy soft open sphere S.(f(F)) centered at f(F ) there is a fuzzy soft open sphere Ss(F)
centered at F;‘ such that

F(Ss(F1)CS-(F(FY)).

Definition 4.27 A fuzzy soft number function f : (U, E, d}) — (V, E, d~2) is said to be fuzzy soft continu-
ous, if it is fuzzy soft continuous at each fuzzy soft number of (U, E).

Proposition 4.28 Every inverse image of soft number function is fuzzy soft continuous.

Proof. Proof of the results are obvious.

Theorem 4.29 Let (U, E, d;) and (V, E', d2) be any two fuzzy soft metric spaces and f : (U, E) — (V, E')
be fuzzy soft continuous. Then for every soft number sequence (F4 ), converges to F;‘ we have lim,, 5 o0 f((Fa)n) =
F(F) ie (FA)n=Fy = f(Fa)n) > f(Fy).
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Proof. Since f is a fuzzy soft number function. Therefore f is a fuzzy soft continuous. Let f be a fuzzy soft
continuous at F,. Therefore for any given €>0 there exists a §>0, such that

do(f(Xa), f(Fy))<e, whenever di (X4, Fly) 0. (1)

Let us suppose that (F4),, be a soft number sequence in (U, E, d; ), such that

lim f((Fa)n) = f(F)).

no0
Since limy, = o0 (Fa)pn = FA, therefore there exists a positive integer m such that
d1((Fa)n, Fy)<6,¥n > m.
Now from (1), we get
do(f((Fa)n), f(Fy))Ze,¥n > m.

This implies that limy, 50 f((Fa)n) = f(Fy).

Definition 4.30 Let (U, E,d;) and (V, E', d>) be any two fuzzy soft metric spaces. A fuzzy soft number
function f : (U, E) —s (V, E') is said to be fuzzy soft uniformly continuous if for each >0 there exists a §>0,
such that

da(f(Xa), f(Ya))<e, whenever di (X 4,Ya)<0,YX 4, YaE(U, E).

Proposition 4.31 Every fuzzy soft number function is uniformly continuous.

Proof. Proof of the results are obvious.

Theorem 4.32 Every fuzzy soft number function f : (U, E) — (V, E') which is uniformly continuous on
(U, E) is necessarily soft continuous on (U, E).

Proof. Proof of the results are obvious.

Theorem 4.33 The continuous image of a fuzzy soft Cauchy sequence is again a fuzzy soft Cauchy sequence.

Proof. Let (U, E,d;) and (V, E',dy) be any two fuzzy soft metric spaces and f : (U, E) — (V,E’) be
fuzzy soft number function.
We have every soft number function is uniformly continuous. Therefore f is uniformly continuous.
Let {(Fa)n} be a fuzzy soft number Cauchy sequence in (U, E) and given £>0. Then f being a fuzzy soft
uniformly continuous, there exists a >0 such that

do(f((Fa)m), f((Ya)n))<e whenever dy ((Fa)m, (Fa)n)<6. )

Since {(F'a),} is fuzzy soft Cauchy sequence, corresponding to this §>0 there exists a positive integer ng such
that
d1((Fa)m, (Fa)n)<6 for all m,n>ng. 3)

From (2) and (3) we have B ~ -
da(f((Fa)m)s f(Ya)n))<e forall m,n>ng.

Hence {(F4),} is a soft Cauchy sequence in gV,~E/).

Definition 4.34 Let (U, E,d;) and (V, E ,ds) be any two fuzzy soft metric spaces. A fuzzy soft number
function f = (p,q) : (U, E) — (V, E') is said to be fuzzy soft homeomorphism if ¢ : E —s E is one-one and
onto.

Theorem 4.35 Every fuzzy soft number one one onto function is fuzzy soft homeomorphism.

Proof. Suppose f = (p,q) : (U, E) — (V, El) is one-one onto function. Therefore p : U — V uniformly
one-oneontoand q : £ —» E’ is one-one onto. Hence f is fuzzy soft homeomorphism.

Definition 4.36 Let (U, E,d;) and (V, E', d3) be any two fuzzy soft metric spaces. A fuzzy soft number
function f : (U, E) — (V, E') is called a fuzzy soft isometry if

dy(Xa,Ya) = do(f(Xa), f(Ya)),¥X 4, YAE(U, E).

Theorem 4.37 Every one one onto fuzzy soft number function is a fuzzy soft isometry function.
Proof. Follows from Theorem 4.35.
Theorem 4.38 Every fuzzy soft isometry function is not a one one onto fuzzy soft number function.
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Proof. Consider the Example 4.22 and let

Qa ={Q(e1) = {(h1,0.3), (h2,0.9), (h3,1.0), (h4,0.7), (hs5,0.2)},
Qles) = {(h1,0.1), (ha, 0.7), (hs, 1.0, (s, 0.8), (s, 0.0)},
Q(es) = {(h1,0.0), (h2,0.8), (hs, 1.0), (h4,0.7), (h5,0.0)} }.

Therefore

f(Qa) = {€} = {(k1,0.1), (k2,0.7), (k3,1.0), (k4,0.8), (k5,0.0)},
e = {(k1,0.3), (ka,0.9), (k3,1.0), (ks,0.7), (k5,0.2)} }.

Now
di(Ha, Qa) =0.1=dy(f(Ha), f(Qa))-

So f is fuzzy soft isometry function but it is not a one one onto fuzzy soft number function.

Theorem 4.39 Every fuzzy soft isometry function is not a fuzzy soft homeomorphism.

Proof. From Theorem 4.38, every fuzzy soft isometry function is not a one one onto fuzzy soft number
function. Therefore from definition of homeomorphism,every fuzzy soft isometry function is not a fuzzy soft
homeomorphism.
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