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Abstract:The Advection Upstream Splitting Method (AUSM) is used to compute 2D inviscid
hypersonic flow over a semi-cylinder on a finite volume framework. Solution reconstruction to
achieve higher order accuracy is done using the MUSCL-type reconstruction technique with the Van
Albada and Hemker-Koren limiter functions. The gas models under consideration are the perfect gas
model and the high temperature equilibrium chemically reacting air model of Tannehill and Mugge.
The performance of these limiters in computing hypersonic flows is analyzed and compared with the

first order accurate method.
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1. Introduction

In this present work, computations of inviscid hypersonic
flow of air over blunt bodies are carried out using the finite
volume framework. In the context of hypersonic flow,
inviscid analysis is found quite relevant for the calculation of
pressure coefficients and wave drag coefficients for
hypersonic blunt bodies. The Mach number independence
principle is also established by the inviscid model [1]. On the
other hand, for the analysis of numerical stability of various
flux schemes, especially at very high Mach numbers, the
numerical solution of the governing equations for inviscid
hypersonic flow seems to find great importance over the
decades [2, 3, 4, 5, 6, 7,8,9]. This asserts the importance of
the inviscid model in the study of hypersonic flows.

In general at hypersonic speeds, the air temperature near the
nose portion of the blunt bodies may be high enough to
induce chemical reactions like dissociation of oxygen and
nitrogen molecules, formation of nitrogen oxide etc. [1]. In
that context, we consider the flow to be in vibrational and
chemical equilibrium if the vibrational excitation and
chemical reactions take place quite rapidly in comparison to
the time taken by a fluid element to move through the flow
field. In the present work, air is treated both as a perfect gas
and a chemically reacting equilibrium gas. For air as a
chemically reacting equilibrium gas, polynomial correlations
of Tannehill and Mugge [10] are used for calculating the
properties of high temperature air. These data are quite
widely used for practical computation of properties of high
temperature air. The perfect gas model computes the drag
coefficient within 2% of that obtained by the equilibrium
airmodel. Although perfect gasmodel and equilibrium air
model show significant variation with respect to temperature
fields, the pressure field obtainedby perfect gas model is
found to be within 2% accuracy to that, obtained by
equilibrium air model [11].

For the numerical solution of the Euler equations using the
finite volume method, either a central or an upwind scheme
can be implemented for the computation of the flux term
across a cell interface. vanLeer’s Flux Vector Splitting [12],

Liou and Steffen’s AUSM [2], Steger and Warming’s Flux
Vector Splitting [13] , Roe’s Flux Difference Splitting [14]
etc. are some of the popular upwind methods.
MacCormack’s scheme [15], Local Lax-Friedrichs (LLF) or
Rusanov’s scheme [16], Jameson et al.’s JST scheme [17]
etc. are examples of central schemes. In the present work, the
fluxes are computed using the AUSM scheme.

The Godunov’s theorem [21] states that monotone linear
numerical schemes  for  solving partial  differential
equations (PDE's) can be at most first-order accurate. Thus,
higher order accurate numericalschemes require non-linear
limiter functions, to suppress the numerical oscillations in
the regions of high gradients like shocks, i.e. to produce
monotone solutions. The limiters reduce the slope used for
the interpolation of a variable to the cell face in the regions
of strong gradients. So the scheme appears to be first order
accurate in the regions of strong gradients, but still maintains
higher order accuracy elsewhere. van Leer [18] proposed the
MUSCL approach for obtaining higher order accuracy in the
finite volume discretization of the flux terms. In the
implementation of MUSCL approach, various limiter
functions can be used.However, a relative comparison on the
performance of different limiter functions in a single source
has not been made yet. In this paper, the performance of two
limiter functions, namely the Van Albada limiter and
Hemker-Koren limiter functions [19] in computing
hypersonic flow involving strong shock is investigated.
Corresponding improvements are compared with the first
order accurate solutions.

This paper is organized in five sections. Section 2 presents
the Euler equations of gas dynamics. Liou and Steffen’s
AUSM scheme and the Equilibrium air model by Tannehill
and Mugge are briefly discussed in section 3. This section
also presents the MUSCL technique along with the various
limiter functions used in this work. The results and
discussion on the various computations are presented in
section 4. The density- and Mach number-contour plots for
inviscid hypersonic flow over a semi-cylinder obtained by
higher order accurate AUSM scheme using different limiter
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functions are presented. Section 5 summarizes the results of
the computations done in the present work.

2. The Governing Equations

Set For inviscid flow the governing equations are Euler
equations expressed in compact notation as follows [2]:
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Here U is the vector of conserved variables, F and G are the
flux vectors and epis the total energy of the fluid per unit
mass, rest of the symbols have their usual meanings. Steady
state solutions are obtained by solving the above equations
through time-marching using the first order Euler explicit
method.

the

3. The Numerical Schemes and

Equilibrium Air Model

3.1 The AUSM scheme

The AUSM scheme considers that the flux vector consists of
the convective and accoustic parts. The convective part is
associated with the fluid velocity and the accoustic part is
due to the pressure component. Accordingly, upwinding of
the convective part is done based upon the sign of the
contravariant Mach number. The acoustic part depends on
both the upstream and downstream pressures for subsonic
flow, whereas it becomes fully upwind for supersonic flows
only.
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Based upon the Mach number obtained at the cell interface,
the convective part at the cell interface is computed as,

pa
© pua
Fy, =My,
e 3)
phUa L/R

(o). ,if M, >0
where (e =10y it m. <0

Here the subscript ‘1/2’ refers to the interface between the
upstream and downstream sides ‘L’ and ‘R’ respectively. The
Mach number at the interface is calculated as follows.
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The pressure at the interface is calculated by using the
following expressions
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where, pi =

3.2 The MUSCL apporach and the limiter functions

van Leer’s MUSCL (Monotone Upstream-Centred Schemes
for Conservation Laws) [18] is one of the methods to
reconstruct the left and right states of a cell-face based upon
the information in the neighbouring cells. With reference to
Fig. 1, the left and right states for the cell-interface ‘1/2’are
given by the following general expression using the MUSCL
approach.
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and o (r ) is a slope limiter with the symmetric property,

o(r)y=a(1/r)

Cell-centroid

Face of control volume

Figure 1:The left and right states for a cell-face in a cell-
centredfinite volume method.

The stencil size and the nature of the reconstruction depend
on the value of the parameter K as shown in Table 1 [19].
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I.  TABLE 1:DEPENDENCE OF TYPE OF
RECONSTRUCTION ON THE VALUE OF
K Type of reconstruction
1 Centred
1/3 Upwind-biased
0 Upwind-biased
-1 Upwind

In case of the Van Albada limiter, £ =0 and theslope limiter
function is taken as,

o(r) =2 (1)

r‘+1
In this case the function w (r)corresponds to the Van
Albada limiter where,

w(r)= 8)

With this definition for y (), the left and right states of the
cell-interface is calculated using the Van Albada limiter as,
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Conventionally, the function ¢ is the same for both the states
given by,

a(b2 +5)+b(a2 +g)
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The additional parameter £ is required to prevent the
activation of the limiter in smooth flow regions due to small-
scale oscillations. It has to be set proportional to the local
grid scale. In the present work it is taken as,

1.25 .
£=10x (Q) , Where Qis the cell volume (12)

In case of the Hemker and Koren limiter function, < =1/3.
The slope limiter is given by,
o(r)=———
2r'—r+2
Following the way as in case of the previous limiter, the
reconstruction formula using the Hemker and Koren limiter
becomes of same form as equation (9), with the function &
now having the form,

(2a2 +e)b+(b2 +25)a
2a’ +2b° —ab+3¢

The definitions of the parameters a,band ¢ are retained as in
equations (11) and (12).

(13)

5= (14)

3.3 The equilibrium air model of Tannehill and Mugge

For a given free stream Mach number, computations are
initiated by a prescribed value of y. As the iterations proceed,
v is calculated using density and internal energy per unit
mass, which are given by Euler solver. Remaining
thermodynamic properties such as pressure, sonic velocity
and temperature are calculated using correlated formulae
suggested by Tannehill and Mugge.

4. Results and Discussion

Flow of air over a semi-cylinder at Mach number 15.0 [20] is
considered. The cylinder diameter is 10 m. A strong bow
shock is formed ahead of the semi-cylinder at a stand-off
distance 6.

Figure 2: A typical coarse grid for the computation of
hypersonic flow over a semi-cylinder.

For flows over such blunt bodies where the shock layer is
thick, the inviscid flow assumption also produces reasonably
accurate results. A structured grid is used for the
computations. A typical coarse grid is shown in Fig. 2. For
the actual computations a 201x201 grid along the r-6 is
taken.

Figure 3 shows the density contour plots at the steady state
computed using the first order AUSM, second order AUSM
with the Van Albada limiter and second order AUSM with
the Hemker-Koren limiter for the perfect gad model as well
as for the equilibrium air model of Tannehill and Mugge.
From Fig. 3, one important observation is that the shock
stand-off distance is less for the equilibrium air model as
compared with the perfect gas model.As expected, the shock
is found to be slightly better resolved using the second order
methods as compared with the first order method. The
contour plots don’t reveal any remarkable difference
between the corresponding results of the Van Albada and
Hemker-Koren limiter functions.
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Figure 3:Steady state density contour plots.

The pressure contour plots for the two gas models are shown
in Fig. 4. The contour plots for other variables like
temperature, Mach number etc. also show similar trend and
are not shown in this paper.
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Figure 4:Steady state pressure contour plots.
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The variation of normalized density along the stagnation line
for the perfect gas model is shown in Fig. 5(a). Due to very
strong shock generated at the high Mach number of
15,numerical oscillations are generated at the foot of the
shock. The first order scheme does not use any limiter
function.It is known that the limiter functions are used to
suppress  thenon-monotonicity  of  the  numerical
solutions.Here it seen that these oscillations are more for the
first order scheme as compared with the second order
counterparts using thelimiter functions.Overall, both the Van
Albada and Hemker-Koren limiter functions are found to
produce similar results.However, on a more resolved scale
the numerical oscillations are found less for the Van Albada
limiter than for the Hemker-Koren limiter.

Figure 5(b) shows the variation of the variation of the non-
dimensionalized density along the stagnation line for the
equilibrium air model of Tannehill and Mugge for the three
methods. It is evident that the shock stand-off distance
ismuch less for the equilibrium air model than the perfect gas
model. Here also, the numerical oscillations at the foot of the
shock are found more with the first order method than the
second order methods along-with limiter functions.

The Mach number variation along the stagnation line for the
perfect gas model and the equilibrium air model are shown in

Fig. 6(a) and 6(b) respectively. The reduction in shock stand-
off distance in case of the equilibrium air model is depicted
in these figures also.

™
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Figure 5: Variation of density along the stagnation line
(a) Perfect gas model (b) Equilibrium airModelof Tannehill
and Mugge.

5. Concluding Remarks

Hypersonic inviscid flow over a semi-cylinder is computed
for a freestream Mach number of 15.0 using the first order
AUSM scheme and the second order AUSM scheme with
Van Albada limiter and Hemker-Koren limiter. Results using
both the perfect gas model as well as the equilibrium air
model by Tannehill and Mugge are presented, compared and
analyzed. The computed shock stand-off distance is found
less for the equilibrium air model as compared with the
perfect gas model. The first order scheme is found toproduce
more numerical oscillations, especially for the density
computations in the vicinity of the strong shock as compared
with the second order schemes with the limiter functions.
The performances of the two limiters are found identical for
this case. However, on a much resolved scale, the Van
Albada limiter is found to suppress the numerical oscillations
more than the Hemker-Koren limiter. Some higher order
reconstruction techniques with other limiter functions may
be tried for such strong shock problems and a more detailed
error analysis for all these schemes may be carried out in
future.
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